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Abstract 



n, ' We give a unified proof of the step to find Darboux coordinates and 



of the ensuing Birkhoff normal forms procedure, developed in the course 
of the proof of asymptotic stability of solitary waves in [4, 6, 7]. 



1 Introduction 



The aim of this paper is to extend in a slightly more general and unified set up 
£Nj | two important steps of the proof of the asymptotic stability of solitary waves for 

the Nonlinear Schrodinger equation [7, 6, 2] and the particular case of Nonlinear 
Dirac system treated in [4] . In both cases there is a localization at the solitary 
wave and a representation of the system in terms of coordinates arising from 
pvi | the linearization at a solitary wave. The operators H p introduced later play this 

role. In general 7i p has both continuous spectrum and non zero eigenvalues. The 
£—v | latter give rise to discrete modes which in the nonlinear problem could produce 

{SJ ' chaotic Lissaius like motions. It turns out that in [3, 7, 9, 4, 6, 2] discrete 

modes relax to because of a mechanism of slow leaking of energy away from 
the discrete modes into the continuous modes, where energy disperses by linear 
dispersion. The idea was initiated in special situations in [11, 5, 12]. We refer 
y\ • to [7] for more comments and references. 

i3 | The aim of this paper consists in simplifying two key steps in the proofs in 

[6, 7, 4]. The first step consists in searching Darboux coordinates. This allows 
to decrease the number of coordinates in the system and to reduce to the study 
of the system at an equilibrium point. 

The second step consists in the implementation of the Birkhoff normal forms, 
to produce a simple effective Hamiltonian. After this, [6, 7, 4] prove the energy 
leaking away from the discrete modes. In particular the key step is the proof 
that certain coefficients of the discrete modes equations are second powers, the 
Nonlinear Fermi Golden Rule (FGR), which generically are positive and yield 
discrete mode energy dissipation. 

We do not discuss the FGR in this paper limiting ourselves to the search of 
Darboux coordinates and to the Birkhoff normal forms argument. 



In this paper we avail ourselves with some ideas and notation drawn from 
early versions of [2] to improve the presentation in [6] . 

[2, 6] represent two attempts to extend the result proved in [7] for standing 
ground states of the NLS, to the case of moving ground states. A further goal 
in [2] is to develop the theory in a more abstract set up. Early versions of [2] did 
not encompass a Birkhoff step extendable to [4] . [2] is confined (like us here) to 
systems with Abelian group of symmetries. 

Our present proof was written before the 3rd version of [2] was posted on the 
Arxiv site. The 2rd version of [2] contained an incorrect effective Hamiltonian, 
see Remark 6.7 later. In the 3rd version of [2] this has been corrected. Still, 
the discussion in [2] is at times sketchy, for example in Theorems 3.21 and 5.2 
[2], see Remarks 2.10 and 6.6 and the discussion below and at the beginning of 
Sect. 3.3 about (3.42). 

We draw from [2] a better choice of initial coordinates and set up than [6] . 
Some of it existed also in previous literature, cfr. the discussion in Sect. 6 [10]. 
We also borrow some notation, i.e. symbols TZ k > m and S ' m . Inspired by [2] we 
simplify the proof of the Birkhoff step in [6] . 

Both here and in [6] we consider initial data in subsets of £„ for n 3> 1 
which are unbounded in £„ and invariant for the system. We require this 
substantial amount of regularity and spacial decay to for the classes of solutions 
of the system, in order to give a rigorous treatment of the flows and of the 
pullbacks. [2] suggests that [6] should prove decay rates in time. We do not 
know what is the basis for this statement in [2] since, by the time invariance 
of the subsets E n considered, the problem considered in [6] is very similar in 
this respect to the one with £„ replaced by H 1 . Indeed time decay corresponds 
to bounds on norms containing time dependent weights. But if the problem is 
invariant by translation in time, the only information that can be derived must 
be invariant by translation in time, and bounds on time weighted norms do not 
have this property. We therefore emphasize that [6] and the present paper are 
very different from, say, [5, 12], which consider initial data in subsets of H k ' s 
which are not invariant by the time evolution. We also point out that the 1st 
version of [2] contains a false statement on rate of time decay. The 2nd version 
of [2] in the acknowledgments, credits us for pointing out this error, although 
these credits are not any more in the 3rd version. 

To find an effective Hamiltonian, we use in a crucial way the regularity 
properties of the flows, which in turn depend on the fact that we work in £„ for 
«>1. See Theorem 6.5 where the regularity of the flows is used to prove that 
the coordinate changes preserve the system. To prove for the NLS the same 
result in H , where the coordinate changes are continuous only, one needs to 
explain how they preserve the structure needed to make sense of the NLS. [2] 
claims the result in H 1 , [2] claims the result in H 1 , but the proof is not spelled 
out, see Remark 6.6. 

We discuss in some detail a key formula on the differentiation of the pullback 
of a differential form along a flow, see (3.42), which is the basis of Moscr's 
method to find Darboux coordinates. This formula is simple in classical set 
ups, but in our case and in [2] its interpretation and proof are not obvious. 



In [2] the formula is stated and used without discussion. We treat the issue 
rigorously in Sect. 3.3, regularizing the flow, using (3.42) for the regularized 
flow, and recovering the desired equality between differential forms, by a limiting 
argument. Notice that we do not prove formula (3.42) for the non regularized 
flow. 

We end with few remarks on the proofs. 

The proof of the Darboux Theorem is a simplification of that in [6] in the 
part discussing the vector field. We give in Sect. 3.3 a detailed proof on the 
fact that the resulting flow transforms the symplectic form as desired. See also 
the introductory remarks in Sect. 3. Notice that parts of this discussion were 
skipped in [6]. 

The portion of our paper on the Birkhoff normal forms covers from Sect. 4 
on and is quite different from [4, 6, 7] mainly because the pullback of the terms 
of the expansion of the Hamiltonian cannot be treated on a term by term basis, 
see Remark 5.5. What is important is to get a general structure of the pullbacks 
of the Hamiltonian. This is discussed in Sect. 4. It is likely that most of the 
analysis in Lemmas 4.3, 4.4 and 5.4, is not necessary to the derivation of the 
effective Hamiltonian, which is represented by H' 2 and the null terms in Ro and 
Ri of the expansion in Lemma 5.4, in the final Hamiltonian. On the other hand, 
writing the Hamiltonian explicitly should make the arguments transparent and 
more clearly applicable to the part on dispersion and Fermi Golden rule. 

In Sect. 5 we finally distinguish between discrete and continuous modes. 

The present paper treats only equations whose symmetry group is Abelian. 
This limitation will have to be overcome to extend the theory to more general 
systems such for example the Dirac system without the symmetry constraints 
of [4]. 

2 Set up 

• Given two vectors u, v £ M. 2N we denote by u ■ v — ^ u j v j their inner 
product. 

• We will consider also another quadratic form \u\ 2 = u -\ u in M. 2N . 

• For any n > 1 we consider the space £„ = S„(M 3 ,]R 2A ') defined by 

II u IIe„ : ~ 2^ (^"^IIl^rs.r 2 ") + II^" u IIl 2 (k 3 ,r 2jv )) < °°- 

We set S = L 2 (K 3 , R 2N ). Equivalently we can define E r for r £ R by the 
norm 

||«|| Er :=\\(l-A+\x\ 2 ^u\\ L 2<oo. 

For r £ N the two definitions are equivalent, see [7]. We will not use 
another quite natural class of spaces denoted by H k ' s and defined by 

|M|^:=||(l + |x| 2 )i(l-A)t U || L2 <^. 



l 2N ) = n„ e NS„(K 3 ,R 2JV ) is the space of Schwartz functions and 
the space of tempered distributions is <S'(R 3 ,R 27V ) = U„ eN X:_ n (R 3 ,R 2Ar ). 

• For X and Y two Banach space, we will denote by B(X, Y) the Ba- 
nach space of bounded linear operators from X to Y and by B (X, Y) = 

B(UU X ' Y )- 

• We denote by ( , } the natural inner product in L 2 (R 3 ,R 2Ar ). 

• J is an invertible antisymmetric matrix in R 2N . We have also \Jy\i = \y\i 
for any y <G M. 2N . In L 2 (R 3 ,R 2Ar ) we consider the symplectic form = 

(J' 1 , >■ 

• We consider in L 2 (R 3 , M. 2N ) a linear selfadjoint elliptic differential operator 
V such that V e £(£ r ,£ r _ ordx >) and V e B(H r ,H r -° rdv ) for all r and 
for a fixed integer ordl? > 1. 

• We consider a Hamiltonian of the form 

E(U)=E K {U)+E P {U) 

E K {U):=hvU,U), Ep{U):= [ B{\U\l)dx. 

Here B e C°°(R,R), B(0) = B'(0) = and there exists ape (2,6] such 
that for every k > there is a fixed Ck with 

|V^(B(|C| 2 ))|<C fe |Cr' s - 1 if ICI > 1 in R 2N - (2.2) 

Notice that E P 6 C 5 ^ 1 ^ 3 ,^ 2 ^)),^). Consistently with [4, 6, 7], we focus 
only on semilinear Hamiltonians. We consider the system 

U = JVE{U) , (7(0) = U (2.3) 

where for a Frechct diffcrentiable function F the gradient WF(U) is defined by 
(VF(U),X) = dF(U)(X), with dF(U) the exterior differential calculated at U. 
We assume that 

(Al) there exists do such that for d > do system (2.3) is locally well posed in 
H . Furthermore, the space S^ is invariant by this motion. 

We recall the following definition. 

Definition 2.1. Given a Frechet diffcrentiable function F, the Hamiltonian 
vectorfield of F with respect to a strong symplectic form u>, see [1] Ch. 9, is 
the field Xp such that ui(Xp, Y) = dF(Y) for any given tangent vector Y. For 
io = Q we have Xp = JVF. 

For F, G two scalar Frechet differentiable functions, we consider the Poisson 
bracket {F,G} := dF(X G ). 

If Q has values in a given Banach space E and G is a scalar valued function, 
then we set {G, G} := Q'(Xg), for Q' the Frechet derivative of Q. 



We assume some symmetries in system (2.3). Specifically we assume what 
follows. 

(A2) There are selfadjoint differential operators 0^ for I = 1, ...,no in L 2 such 
that ()e : £„ — > £„-d £ for ^ = 1, ■ •■, «o- We set d = sup^ c^. 

(A3) We assume [0 e , J] = and [<>£, Ofe] = 0. 

(A4) We assume {ILj, E K } = {IL;, £ P } = for all £, where IL: := |(<^ , >. 

(A5) Set (eO) 2 := 1 + Ej e 2 0j- Then (eO)" 2 G B(E„, E„) with 

ll( e 0) _2 ||B(s„.s„) < C n < oo for any |e| < 1 and n G N. (2.4) 

Furthermore, for any n G Z we have 

strong — lim(eO) _ = 1 in B(E n ,E„) 
lim ||(e0)~ 2 - lllsrs s ,) = for any n' G Z with n' < n. 



(2.5) 



(A6) Consider the groups e J ^< ^' T defined in L 2 . We assume that for any 
n G N these groups leave S n invariant and that for any n G N and c > 
there a C s.t. 1 1 e --^ < e > ^" T || B ( En)S; s < C for any |r| < c and any |e| < 1 . 

We introduce now our solitary waves. 

(Bl) We assume that for O an open subset of M™° we have a function p — > 
$ p G 5(M 3 ,R 2JV ) which is in C°°{0,S), with EL($ P ) = p t , where the $ p 
are constrained critical points of E with associated Lagrange multipliers 
\i{p) so that 

V£($ p ) = \(p) • 0$ P (2.6) 

(B2) We will assume that the map p — > X(p) is a diffcomorphism. In particular 
this means that the following matrix has rank no 



rank 



d\. 



d Pj 



= n . (2.7) 

i-l , j-* 



A function U(t) := e J(tA(p ) +To)<> $p is a solitary wave solution of (2.3) for 
any fixed vector tq. 



2.1 The linearization 

Set H p := J(V 2 £($p) - X(p) • 0). Notice that E(e jT -<>U) = E{U) for any U 
yields VEie^^U) = e^^VE^U) and V 2 E(e jT - <> U) = e jT - <> V 2 J B(C/)e- jT - . 
Then (2.6) implies V J B(e Jr °$ p ) = e jT '°A(p) • 0$p- So applying d rj we obtain 
(V 2 £($ p ) - A(p) • 0) J0j$ p = and so 

HpJOjQp = (2.8) 

(CI) We will assume 

kcrHp = Span{J0j$ P : j = 1, ...,n }. (2.9) 

Applying 9 Aj to (2.6) yields (V 2 £($ p ) - A(p) • 0)d Xj % = 0j$ p . This yields 

H p d Xj <b p = J0j* T , (2.10) 

We have 

{dx^ P ,() k %) = ia A3 ($ p ,0fe$ P ) - ^Pfc- (2-11) 

Necessarily, by (B2) there exists j such that d\.pk ^ 0. This implies that the 
generalized kernel is 

N g (n p ) =Spa,n{J0^p,d x ^p: j = l,...,n }. (2.12) 

The map (p,r) -» e Jr °^$ p is in C oc (C x M™°,5). 

(C2) We assume this map is a local embedding and that the image is a manifold 
Q. 

At any given point e jT '^$ p the tangent space of Q is given by 

T e jr.o tp g = Span{e jT - o ^* P ,e jT -°0j* P :j = l,-,n }. 
We have ft(e jT -0d p ,$ p ,e jT -0d Pfe $ p ) = n(d Pj %,d Pk %). 

(C3) We assume that 

Vt{dp D $ p , <9 Pfc $ p ) = for all j and fc (2.13) 

n(5 p ,$ p ,$ p ) = 0foraUj. (2.14) 

Notice that (2.14) is not required in [2] but in any case is true for the applications 
in [2, 4, 6, 7]. Here we use it in Lemma 3.1. 

We have the following beginning of Jordan block decomposition of H p . 

Lemma 2.2. Consider the operator Up. We have 

J rip = — rtpJ , ripJ = — J rip. (2.15) 

Assume (B1)-(B2) and (CI). Then we have 



L 2 =N g (H p )®N^(H;), (2.16) 

N g (H* p ) = SpaniOjQp, J" 1 ^,^ : j = l,...,n Q }. (2.17) 

Proof. We have T-L p = J A for a sclfadjoint operator A and with J a bounded an- 
tisymmetric operator. Then Tt* = —A3 and (2.15) follows by direct inspection. 
Recall that (B1)-(B2) and (CI) imply (2.12). Then (2.15) implies (2.17). 
The map ip ->• ( ,ip) establishes a map N g (H*) -> B(N g (U p ),M.). By (2.11), 
formulas (2.12) and (2.17) imply that this map is an isomorphism. For any 
u e L? there is exactly one v <G N g (H p ) such that (u, ) and (v, ) coincide as 
elements in B(N g (H*),TSL). Then u-v e N^-(H*) and we get (2.16). 

□ 
Obviously Lemma 2.2 holds true only because our J is very special. For the 
KdV, where J = J^, (2.16)-(2.17) are not true. 

Denote by PN g (p) = Pn (h ) tne projection onto N g (TL p ) associated to (2.16) 
and by P(p) := 1 — Pn 9 {p) the projection on N g (H*). We have, summing on 
repeated indexes, 



P Ng (p) x = -J0i$P (X, J- l d Pj $ p ) + d P] % (X, Oj$p>. (2.18) 

Lemma 2.3. Assume (Bl)-B(2) and (CI). Then: 

(1) P Ng (p) e B(S',S) for anypeO and P Ng (p) e C°°(0, B(E_ fc) E fc )) /or 
any k s N. 

(%) -For any po *E O and k there exists an Sk > sztc/i i/iai /or |p — po I < £fc 

p(p)P(po) : ^(^; ) ns^ N^n;) n £ fe (2.19) 

is an isomorphism. 

(3) For h > k we have e^ > £&. 

Proof. Claim (1) is elementary and we skip the proof. 

Consider the map P(p)P(p a )P(p) = 1 + P(p)(P Ng (p) - P Ng ( Po ))P(p) from 

N g (H*) n Sfe into itself. By Claim (1) and by the Fredholm alternative, this 

is an isomorphism for \p — po < £k with Sk > sufficiently small. This implies 

that the P(p)P(po) in (2.19) is onto. For the same reasons also P(po)P(p)P(po) 

is an isomorphism from N g (H*) n £& into itself. Then P(p)P(po) in (2.19) is 

one to one. This yields Claim (2). 

For h > k we have the commutative diagram 

<(H; o )ns,/ (p ^ (po) JV^wpns, 

N^niJn n k p(p ^ (po) n£{U* p ) n s fe 

7 



with the vertical maps two embedding. This implies that for \p — po| < et we 
have kerP(p)P(p ) = in Njj-(H* ) n E h . To complete the proof of Claim (3), 
we need to show that given u € N^(H*)<~)T, h and the resulting v e N^-(H* )r\T,k 
with u = P(p)P(po)v, we have v € £/». But this follows immediately from 

v = u + {Pn s (p) - Pn s (po))v where u € S h and (Pn s {p) - Pn 9 (po))v e 5. 

D 
We will denote the inverse of (2.19) by 

(P(p)P(po))- 1 : A/^CW;) n E fc -4 ^(^; ) n E fc . (2.20) 

We have the following Modulation type lemma. 

Lemma 2.4 (Modulation). Assume (A2), (B.l), (B.2), (C.l) and (C.3). Fix 
neZ,n>0 andfix^a = e jT(rC> $ po . Then3 a neighborhood U mS_„(I 3 ,I 2lv ) 
ofU and functions p e C°°(U,(D) and r e C°°(W,M no ) s.t. p(* ) = Po and 
t(*o) = T o a«rf s.t. VU £U 

U = e Jl "°(* p + i2) and i? e N^{U* p ). (2.21) 

Proof. Consider the following 2no functions: 

^•(I7,p,r) :=fi(^-e jT -0* p ,e jT X*p) (2 22) 

gj{U,p,T) :=0(C/-e jT -°$ p , Je jT -°0,$ P ). 

These functions belong to C°°(£_„ x x E"°,E). We introduce the notation 
R = e- jT -0U - $ p . Notice that i? = for U = $ p . Then 

d Tk ^(U,p,T) = ^(e jT -°i?,e jT -°J0 fc a w $ p ) - O(J0 fc e J ^$ p ,e jT '%$ p ) 

= -(i?,0fca P3 $ p ) - (0fc* P ,9 P ,^ P ) = -(i?,0fca P3 $ p ) - 2^<0fc*p,* P > 

= -(i?,0fc<9p 3 $ P ) -(Jjfe. 
By (2.13) we have 

d Pk Tj(u,p,T) = r!( e Jr -°i?,e jT -°a Pfc 9 ft $ p ) - n(Je jT ^d Pk %,e jT ^d P] %) 
= n(R,d Pk d Pj %). 

By (A3) we have 

d Tk Qj = fi(e jT<> J R,e jT - < >J 2 fc J $ p ) - ^(JOfee^^^e^^JO^p) 
= -<ii, J0k0j$ p ) - (J0ib* P . 0j* P > = -(R,J0k0j* P ), 
We have 

a^- = r!(e jT -Oi?, e jT -ojo,a Pfc $ P ) - n(e jT -°$, fc $ p e jT -oj0j* P ) 
= -(#, 0A»* P ) + (a Pfc $ p , 0i* P > = -(i?, 0A fc * P > + 6 jk . 

At [7 = ^0) T = T o arL d p = pq we have .Fj = Qj = 0. Since in this case R = 
we get the desired result by the Implicit Function Theorem. □ 



2.2 Spectral coordinates 

Lemmas 2.4-2.2 lead to a natural decomposition of (2.3). To write it we need 
further notation. 

We are ready for the natural coordinates decomposition. Let n(t/g) = Po- We 
consider for R G JVr (TL* ) the map 

(T,p, i?) -»• E/" = e jT -<>($ p + P(p)fl). (2.23) 

We have the following formulas, 

^T = JOjt^ , ^ - e Jr ' (5 P3 $ P + d Pj P(p)R), (2.24) 

with g|- G C"°°(W n Sfe.Sfe/) for any pair (k, k') G N 2 , with U C £_„ the 
neighborhood of e Jro<> $p in Lemma 2.4. Similarly ^- G C°(Zi l~l £&, Z k _ dj ). 
We have what follows. 

Lemma 2.5. Consider the n > and W m Lemma 2.4 and fix an integer 
k > -n. Then the map U ->• i?(£/) = i? is C°(W n £ fe , S fe ). For k > -n + d 
we have R £ C^MnSi, £fc_<j). For W sufficiently small in S_n i/ie Frechet 
derivative R'(U) of R(U) is defined by the following formula, summing on the 
repeated index j, 

R'(U) = (P(p)P(p Q ))- 1 P(p)[e- jT - <> l-JO j P(p)Rdr j - d Pj P(p)Rd Pj ], 

where (P(p)P( Po ))- 1 : N^{U* p ) n S fc _ d -> N^(n* po ) D £ fe - d zs weft de/ined 6?/ 
Lemma 2.3. 

Proof. The continuity of -R(f7) follows from R = e~ ,7r '^J7 — $ p and 

R-R' = e" jT °C7 - e-^'^U' + $ p - - $ p = 

$ p - - $ P + (e- 71 "' - e- jT '-°)C7 + e- Jr '-°(f7 - [/')• 

Then use p — > $ p G C°°(0,<S), the fact that e ,/T '* is strongly continuous in 
Efc and locally uniformly bounded therein. The fact that R(U) has Frechet 
derivative follows by the chain rule. To get the formula for R'(U) notice that the 
equalities R ' -^- = R'-S- = and R'e jT ' <> P(p)P(po) = l\ N ±cu* ) characterize 
R' . We claim we have 

R' = HjdTj + bjdpj + {P{p)P{p )y 1 P{p)e- jT - <) (2.25) 

for some a^ and hj . First of all, by the independence of coordinates (r, p) from 
R€NJ-(H* po ), 

d Tj o e jT - <> P(p)P(p ) = dp 3 o e jT - <> P(p)P(p a ) = 0. 



Indeed for g G N^ ("H* ) we have for instance 

Q=j t T 3 (u(T,p,R + tg)) lt=0 = j t T J (e jT ^($ p + P(p)P(p )(R + tg))) lt=0 

= dr 3 o e jT - <> P( P )P(po)g. 
Secondarily, by the definition of (P(p)P(po)) 1 , 

(P(p)P(po))- 1 P( P )e- J ^oe J ^P(p)P(p ) = V(«; o ). 

Hence we get the claimed equality (2.25). 

To get a.j and bj notice that by R'-^r — and P(p) J0j$ p = 



a, = -(P(p)P(p ))-ip(p) e -^-<>^_ = 



d_ 



(P(p)P(p ))- 1 P(p)e- jT - < >e jT - <> JO j ^ p + P{ P )R) = 
(P(p)P(p ))- 1 P(p)JO j P(p)R. 



Similarly by R'-£- = and P(p)d Pj % = 



b, = -(P(p)P(p ))-ip(p) e -^-0 A = 
- (PipJPipo^Pip^PipJR. 



D 



A crucial point in the stability proofs in [3, 4, 6, 7], first realized and used 
in [8], is the importance not to loose track of the Hamiltonian nature of (2.3), 
in whichever coordinates the system is written. Thus we have what follows. 

Lemma 2.6. In the coordinate system (2.23), system (2.3) can be written as 

P={ P ,E},t = {t,E},R={R,E}. (2.26) 

Proof. The statement is not standard only for R = {R,E}. Notice that (2.3) 
can be written as 

U = Jf ■ <)U + e-^^p ■ Vp($ p + P{p)R) + e Jr -°P(p)P 
= I>^r + «£ + e-'-0 P (p)R = JVE{U). ( 2 ' 2? ) 

When we apply the derivative R'(U) to (2.27), all the terms in the lhs of the 
last line cancel except for 

R\U)e jT - <> P{p)R = R'(U)JVE(U) = R'(U)X E (U) = {R,E}, 

from the definition of hamiltonian field and of Poisson bracket. Finally we use 

R'(U)e jT<> P(p)R= 4- R(U(t, P ,R + sR)) = — (R + sR) = R. 

ds\ 3=0 ds\ s=0 

□ 

10 



2.3 Reduction of order of system (2.26) 

The following Poisson bracket identities arc useful. 

Lemma 2.7. Consider the functions Tlj. Then Xn j = -S-. In particular 

{n„r fe } = -s jk , {n„ Pfe } = o , {i?,n,} = o. (2.28) 

Proof. (2.28) follows from the first claim, which is a consequence of (2.24): 
Xn : ,(U) = JVU 3 (U) = JO j U=^-. 



drj 



□ 



We introduce now a new Hamiltonian: 

K{U) := E(U) - E ($ P0 ) - \j(p) (nj(U) - Uj(U )) . (2.29) 

Notice that K(e jT - <> U) = K(U). Equivalently, d Tj K = 0. We know that for 
solutions of (2.3) we have Hj(U(t)) = Hj(Uo) and 

{ Pj ,K} = { Pj ,E} , {R,K} = {R,E} , { Tjt K} = { Tj ,E} + \ 3 {p). 

By d T K = 0, the evolution of the variables p, R is unchanged if we consider the 
following new Hamiltonian system: 

Pj = { Pj ,K}, t 3 = {t 3 ,K}, R={R,K}. (2.30) 

It is elementary that the momenta ILj(U) are invariants of motion of (2.30). 

Before exploiting the invariance oiHj(U) to reduce the order of the system, 
we introduce appropriate notation. First of all we set 

V r := R"« x (S r n N^{H Pa )) = {(r,R)} , 
V r :=R"° xP r = {(n,r,fi)}. 

We set V = V° and V = T°. 

Definition 2.8. We will say that F(t, g, R) £ C M (I x A,R) with / a neighbor- 
hood of in K and A a neighborhood of in V~ K is K 1 ^ ' M and we will write 

F = I^k M , or more specifically F = IZ 1 ^ M (t, g, R), if there exists a C > and 
a smaller neighborhood A' of s.t. 

\F(t, g,R)\ < C\\R\&_ K (\\R\\v_ K + \g\Y in I x A'. (2.32) 

We say F = TCg^ if F = K^ m for all m > M. We say F = TC^ M if for all 
k > K the above F is the restriction of an F(t, g, R) e C M (I x Ak, K) with ^ 
a neighborhood of in "P - * and which is F = TC^ M - Finally we say F = VJ"' J 
^F = ^K 3 ,oo^F = TZ^ M . 
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Definition 2.9. We will say that an T{t,g,R) e C M [I x A, £ K (R 3 ,IR 2Ar )) 

'if m an d we w i n write T = S^? M 



with Jxyl like above, is S^ M and we will write T = S 1 ^ M or more specifically 
T = S*x M (t, g, R), if there exists a C > and a smaller neighborhood A' of 



s.t. 

\\T(t,a,R)\\v K < C\\R\\^_ K (\\Rh_ K + \g\Y in / x A'. (2.33) 

We use notation T = S iJ . T = S^' or T = S lJ „ as above. 

These notions will be often used also for functions F — IZ 1 ^ M (g, R) and 
T = S l j£ M (g, R) independent oft. 

Remark 2.10. We will see later that the coefficients of the vector fields whose 
flows are used to change coordinates are symbols as of Definitions 2.8 and 2.9. 
The definitions of the symbols IZ 1 ^ and S lJ in Def. 3.9 and 3.10 [2] are very 
restrictive, since they require for the symbols to be defined in the whole I X S' . 
The proofs in [2] at most prove that the coefficients of the vector fields in fact 
are symbols of the form TVjj- M and S^ M in our sense. As an example we refer 
to Lemmas 3.26 and 5.5 in [2]. In Lemma 3.26 [2] the fact that the bi and the 
(W l ; Y) are symbols of the form TZ? ,k for some (J, k) in the sense of Def. 3.10 in 
[2], requires preliminarily to show at least that they are functions of (g,R) for 
(g,R) in some neighborhood hi of (0,0) in M™° x S' . This is not addressed in 
[2] and is far from trivial, since the coefficients of the linear system right above 
formula (3.60) are are unbounded in any such VI. The justification that the 
coefficients $ M! ,(M) of x m Sect. 5 in [2] are in S is similarly inconclusive. The 
key step should be that the homological equation in Lemma 5.5 can be solved 
for all parameters k uniformly in the variable M G M™, at least for \M\ < a 
for a fixed a. But the homological equations involve the perturbation of an 
operator and in [2] the perturbation is not fully analyzed. For example there 
is no discussion of the norm \\Vm — l / o||w fc -i-w fc as ^ grows and \M\ < a. This 
norm should be expected to grow and become large, possibly breaking down the 
proof of ^^(M) e S. In fact it is plausible that $^(M) e S only for M = 0. 
From the above remarks we can see that no coordinate change in the Birkhoff 
or in the Darboux steps in [2] is shown to be an almost smooth transformation 
in the sense of Definition 3.15 in [2]. So for instance the proof of the Birkhoff 
normal forms, that is Thcor. 5.2 [2], is inconclusive. The proof of the Darboux 
step, that is Theor. 3.21 [2], is even sketchier and is similarly inconclusive. 

We proceed now to a reduction of order in (2.30). Write 
Uj(U) = n J -(e jT -<>(* p + P(p)R)) = nj($ p + P(p)R) 

= l(0j(* P + P(p)R),*p + p{p)R = Pi + Kj(P(p)R) ( 2 - 34 ) 

= Pj + n,(i?) + n,-((P(p) - P(po))R) + (R, 0j(P( P ) - P( Po ))R). 

We well move from variables (r, p, R) to variables (r, II, R) . Setting Qj — IL, (R) , 
we have 
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Pj=lI j -Q j + * j (p-p ,R) (2.35) 

with ^ j = lZ 0,2 (p — p 0l R). The implicit function theorem yields: 

Lemma 2.11. There are functions pj = pj(Tl,Il(R), R) defined implicitly by 
(2.34), or (2.35), such that p 3 = Uj - g 3 + <£>j(TI,q,R) with ^(p ,g,R) = 
R^(g,R). 

We consider now (r, II, R) as a new coordinate system. By tj|~IL,(J7) = it 
follows that the vectorfields -^— are the same for the two systems of coordinates. 
In the new variables, system (2.30) reduces to the pair of systems 



ti = {Ti,K}, II, =0, (2.36) 

R = {R,K}. (2.37) 

System (2.37) is closed because of d T K = 0. 

3 Darboux Theorem 

In this section we present one of the two main results of this paper. We seek 
to reproduce Moser's proof of the Darboux theorem. Specifically we look for a 
vector field X 1 that will produce a flow as in (3.42) below. The proof of the 
existence and properties of X* is similar to [7] , but influenced by the choice of 
coordinates in [2]. We also add material to justify, once X 1 has been found, 
the formal formula (3.42). Notice that for [4, 7] formula (3.42) does not require 
justification because X t is a smooth vectorfield on a given manifold. But the 
situation in [6, 2] is different since now X 1 is not a standard vectorfield on a 
manifold and £1 is not a regular differential form on the same manifold, so Lie 
derivative, pullbacks, push forwards and the related differentiation formulas, 
require justification. 

Notice that, to be useful in the asymptotic stability theory, the change of 
variables has to be such that the new Hamiltonian equations is semilinear. This 
is why even in [4, 7], where we could apply the standard Darboux theorem for 
strong symplectic forms on Banach manifolds, sec [1] Ch. 9, it is important to 
select X 1 with an ad hoc process. 

3.1 Search of a vectorfield 

Recall that O = (J -1 , ) and consider 

fl Q := dTj A dIL, + {J- X R', R'). (3.1) 

Lemma 3.1. At the points e jT '^$ Po for all r € K™° we have J7o = &■■ 
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Consider the following forms: 

^, :=T j <m ] + ]-{J- l R,R l ); B := B + a for (3.2) 

a := -/3j(p, R)dnj + (T(p)R + (3 3 (p, R)P*(p)0 3 P(p)R, R') , 

T(p):^\j- 1 {P{p)-P{p a )) , (33) 

R( m 1 (P*(p)J- 1 R,d P] P(p)R) 
IMP ' h 2 l + (O j P(p)R,d Pj P(p)R) ■ 
Then dB = Qq and rfB = Q. 

Proof. oIBq = Slo follows from the definition of exterior differential. Set B := 
|(J _1 C/, ). Notice that dB = n. By (2.23) we get: 

B(X) = ^(J-V^^X) + ±(J- 1 P(j>)R,e- jT -<>X). (3.4) 

Set ip{U) := KJ-^- 77 "' ^, U). Then we claim 



2 \« •■" ^p 

i 



where in this proof we will sum on repeated indexes. The last formula implies 
B = d^-pjdrj + hj- 1 P(p)R,e- jT - <> ). (3.5) 

The desired formula on dip follows by 

# = liJ-'e' 7 ^^ ) + ^e jT -O0i* P , U)dTj 
+ l -(e J ^J^d Po %,U)dp 3 = l -(J^e J ^%, ) + 



1 /A ^ * , n>/„\n>\.j_ , i/T-lQ ^ ^ , r»/„\ r>\ J„ by (2.17) 
l,._i r-.A, . 1,. , , . , . 1 



(0,-* P , % + P(p)R)dr 3 + -{J- l d Pj %,% + P( P )R)dp 3 y W 



r-i„Ji"-0/f, \ i i/A./f. rf> \ ^^. i ^ / r-i 



-<j-v-o$ p , ) + -(o^ P ,$ p )dr, + - > (j- 1 a p $ p ,$ p ) d Pj -. 

^ ^ ' by (2.14) 

By Lemma 2.5 and using P(p)*J^ 1 = J~ 1 P(p) we have 
±{J- 1 P(p)R,e- jT -* ) = ^(J-^P^P' ) 



-(J- 1 R,P(p)J0 J P(p)R)dT 3 + -(J- 1 R,P(p)d Pj P(p)R)dp 3 



\{J- l R,P{p)JO J P{p)R)dr, J +1 

^(J" 1 *, P' ) + ^J- 1 /?, (P(p) - P(po))# ) 



n^Pfo^dTj- + -(j- 1 R,P( P )d Pj p(p)R)dp 3 . 
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So by (3.5) and using P(p)J = JP*(p) we get 

n, 



1 



B-dil> = -(pj + Ii j {P{p)R))dT j + - {J~ l R, R' ) 

+ \{-r x R, (P(p) - P(po))R' ) - l -{P*{p)J- 1 R,d Pj P{p)R)d Pj . 

Then da = — Slo for 

a := B - dijj - B + d(IljTj) = 

\(J- X R, (P(p) - P(po))R' ) - l(P*(p)J- 1 R,d Pj P(p)R)d Pj . 

By Pj = Uj -U j (P(p)R) we get 

dp,- = dIL; - {() 1 P(p)R,P(p)R l ) - (O j P(p)R,d Pj P(p)R)dp j . 
Then inserting the next formula in the formula for a, we obtain (3.3): 

_ <m j -{Q j p(p)R,p( P )R f ) 

* Pi l + (0 3 P(p)R,d P] P(p)R)- [6 - b) 

n 

In the Lemmas 3.2-3.6 we will initially consider the regularity of the func- 
tions in terms of the coordinates (r,p, R). 

Lemma 3.2. We have j3j G C°°(0 x £_„,R) for any n. For any pair (n,n') 
we have T G C°°{0, B(Y,- n r, S n )). Summing on repeated indexes, we have 

da = -d Pk f5 J dp k A dHj - (V R f3j,R') A dllj 

+ d Pk A (d Pk [T(p)R + p j (p,R)P*(p)O j P(p)R],R') (3.7) 

+ (V R (3 J ,R / ) A (P*(p)0jP(p)R, R') + 2(172', #)• 

Proof. Follows from a simple computation. In particular, for a L G B{Yi\,L 2 ) 
fixed, we use the formula 

d(LR, R'){X, Y):=X (LR, R'Y) - Y(LR, R'X) - (Li?, R' [X, Y]) 
= {LR'X,R'Y) - (LR'Y,R'X). 

n 

Lemma 3.3. Summing on repeated indexes, we have 



da = dkdpjjdllj A dH k + {Tj + (S k d p Jj - S j d P] (3 k )() k P(p)R, R') A dllj 
+ 2(T(p)R', R') + 0j,R') A (P*(p)O j P(p)R, R') , 

where we have (this time not summing on repeated indexes) 
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fe ' l + (O k P(p)R,d Pk P(p)R) ' 

"0 

f, := -v*& - ?,[a Pj ri? + 2 &d p , (p*(p)0iP(p)) p] 



+ Y^{hd Pk p 3 - %d P] p k ){p*{p) - i)O k P( P )R 

"0 

/^ := v*& + ?,d Pj (r + 2 (3 k p*(p)o k p(p))R. 

k=l 

Proof. Follows by an elementary computation substituting (3.6) in (3.7) □ 

Lemma 3.4. For any fixed large n and for eo > 0, consider the set U& C V d = 
{(p, R)} defined by ||P||s_„ < £o and \p — po\ < £o- Then for eo small enough 
there exists a unique vectorfield X 1 : IA& — > V which solves ix^t = —ol, where 

Q, t := tt + t(tt-tt ). 

Proof. First of all we consider Y such that iy^o = ~oi, that is to say 

{Y) Tj dRi - (Y) nj dTJ + (J-HY)r,&) 

= &(p, R)dU 3 - (T(p)R + &(p, R)P*(p)O j P(p)R, R') • 

This yields 

(Y) r . = /3j(p, R) = K Q > 2 ( P , R) , (F) n , = , 
(Y)r = -P( Po )JT(p)R - p j (p,R)P(p )JP*(p)O j P{p)R (3.8) 

= S^Op - p , R) + K°' 2 ( P , R)P(p Q )P(p)JO j P{p)R. 
Equation ix*^t = ~ a is equivalent to 

{l+t1C)X t = Y (3.9) 

where the operator /C is defined by ixda — i/cx^o- in coordinates, (3.9) be- 
comes (A^n = and, for P = P(p), 

(X% + t(fj + (5 k d p Jj - 6jd Pi k )O k PR, (*%} = -fa, (3.10) 

(#*)« + *£(**)« = (Y)r , where for X e JV fl x (^) (3.11) 

£X := P(po)J \2TX + 0j,X)P*OjPR- {P*() PR,X)]i ] . (3.12) 

(3.12) implies the following lemma. 

Lemma 3.5. We have, summing on repeated indexes, with i varying in some 
finite set, 

CX = A j (X)J0 j R + B t (X)y t (3.13) 
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where: *, = S°'°{p - p , R); for L = A h B t , we have L e C°°(U A , B(L 2 ,R)) 
with 

L(X) = L j (O j R,X) + (L,X), (3.14) 

where we have L = S 1,0 (p — p , R) and Lj G 1Z ' (p — p$, R). 

Proof. Schematically, for Li = S°'°(p — po,R) and "J/j = S°'°(p — pa,R) we have 

P(p)R = R- P Ng (p)R = R + ^{Li, R)$i , 

i 

P*(p)0kR = OkR - P* Ng (p)0kR = <> fei? + J2&i> R )*i- 

■i 

Then (P*(p)O k P(p) - k )R = S ' 1 ^ - p , R). 
By the definition of j3j we have 

Pj=J2Sj(d Pj /3 k )0 k R + L 
k 

L := Vr/3, + ^J- 1 ^ J d P] P(p)R + Y,Pkd P] {P*(p)OkP(p))R 

k 

- E &&& [ P N g (p)0kP(p)R + OkP Ng (p)R , 
fc 

where L = S 0,1 (p -p ,R). 

We also have YX = ±J-^(p Ng ( Po ) - P Ng (p))X = ^.(L^X)^ with L % = 

S lfi (p-p ,R) and ^ = S°'°{p - p ,R). This yields the result. 

D 

Lemma 3.6. System (3.10)-(3.12) admits exactly one solution X 1 . For Aj = 
^n,oo(*>P — Po,R), 2? — Sj,'ro(t,p — Po,R) with \t\ < 3, we have 

{X l ) R = AjJOjR + V. (3.15) 

Proof. Recall Y defined by i Y ^o = -a. By (3.8) with A,- = K^ip-po, R) and 

P = S^fo-po, i2) we have (Y) R = AjJOjR+V. By (*')*+*£(#% - (Y) fl 
and Lemma 3.5 this implies for X = (X l ) R 

(0 k R, X) + tBi{X)(O k R, * 4 > = (0 k R, (Y) R ) 

(L,X) + tA j (X)(L,JO j R) +tBi(X)(L,*i) = (L,(Y) R ), 

as L runs through all the L = ^4.^ , i3^ . Taking appropriate linear combinations 
of these equations with the coefficients Lj of L = Aj,Bi, see Lemma 3.5, for a 
matrix R 0,1 (p — po, R) whose coefficients are TZ ' 1 ^ —po,R), we get 

(1 + tK (p p ,R)) y B . {{x t) R )) ~ \Bi{{Y)R)) ■ 
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Then we get 

$$w) " (1 + m °' 1{ > - p '" mrl (»ffi) - (316) 

Using the left hand side of (3.16) set 

C{X l ) R := A j ((X t ) R )JO j R + BidX^R^i. (3.17) 

The rhs of (3.17) satisfies the properties stated for the rhs of (3.15). Finally 
set (X*)r := (Y)r — t£(X t )R. This is a solution of (3.11). It is elementary 
to see from the argument that such solution is unique and that it satisfies the 
properties of the statement. □ 

Turning to coordinates (t,H,R) and by Lemma 2.11 we conclude what fol- 
lows. 

Lemma 3.7. Consider the coordinate system (t,U,R). For G any of the Aj, 
T> in Lemma 3.6, we have G = G(H, H(R),R), with G(H,g,R) smooth w.r.t. 
(II, g, R) G U d , with U d formed by the (II, g, R) G R 2n ° x (Z d r\NJ-(H pa )) defined 
by the inequalities \\R\\s_ n < e, \g\ < £ and II — p < £ for e > small enough. 

3.2 Flows 

The following lemma is repeatedly used in the sequel, see Lemma 3.24 [2]. 

Lemma 3.8. Below we pick r,M,M Q ,s,s',k,l E N U {0} with 1 < I < M. 
Consider a system 

t j =T j (t,U,U(R),R), n j= o, 

R = A j (t,n,U(R),R)JO j R + V(t,n,U(R),R), 

where we assume what follows. 

• P Ng{po M J J<> j R + V) = 0. 

• At IT = po, dropping the dependence on IT and for U- r a neighborhood of 
in p- r , we have A(t, g, R) G C M ((-3, 3) x U- r , R"°) and V(t, g, R) G 

C M ((-3,3) xU-r^r) 

• In (—3, 3) x U-r for a fixed i in {0, 1} 7 and a fixed C r , we have: 

\A(t, e ,R)\<C\\R\\%°+\ 

\m, g ,R)\\v r <c(\Q\ + \\Rh_ r y\\R\\^. 

LetkeZD[0,r-(l + l)d\ and set for s" > d (or s" > d/2 if d/2 G N) 

W" := {(r,n,i?) G V s " : II = Pa , \\R\\^_ k + \U(R)\ < El }. (3.20) 
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( 3 - 19 ) 



Then for E\ > small enough, the initial value problem associated to (3.18) for 
II = po defines a flow #* = ($ t T ,3 t R ) for t 6 [—2, 2] in Uf t k . In particular for 
II = po, for R in a neighborhood B^_ k of in £_& and II(i?) in a neighborhood 
-Bk^o of in R™° , we have 

$ t R (IL(R),R) = e Mt ' n W' Ry<> (R + S(t,Il{R),R)), (3.21) 



with SeC 1 ((-2, 2) x B Rno x 5 s _ fc ,£ r _ (;+1)d ) 
q G C'((-2,2) x Br-0 x B E _ fc ,M™°). 
For /ixed C > we /lave 

|g(«,^ J R)|<C||i?||^+ 1 )ii _ r , 

||S(t,ff,ii)|| Er _ {1+1) , < C(\g\ + \\Rh il+1)i _ r y\\R\\%° +1)d _ 

Furthermore we have S = Si + S2 with 

S 1 (t,U(R),R)= f T>(t',n(R(t')),R(t'))dt' 
Jo 

\\S 2 (t,g,R)U s < C\\R\\™l+l r (\ e \ + \\Rh 



(3.22) 



(3.23) 



(3.24) 



(l+l)d-rJ 



For r-(l + l)d>s'>s + ld>ldandk£Zn[0,r-(l + l)d] and for e x > 
sufficiently small, we have 

tf eC l ((-2,2)xU s E ' uk ,V s ). (3.25) 

Furthermore, there exists £2 > such that 

tf{Ui tk )CUI uk forall\t\<2. (3.26) 

We have 

S*(e jT -°[/) = e jT -°^(U). (3.27) 

Proof. It is enough to focus on the equation for R. Set S = e~ Jq '^R for q £ R"°. 
Then consider the following system: 

S = e- Jq - <) V{t,g,e Jq - <> S) , 

q = A(t,g,e Jq -<>S) , g(0) = 0, (3.28) 

Q j = {S,e- J **<> J 'D{t,Q,e J ''- < >S)). 

For/ < Mandfc,s" £ [0,r-(/+l)d] the held in (3.28) is C l ((-3, 3) xW_ fe , £ s » x 
M 2 " ) with W_fe C S_fe x R 2 ™ a neighborhood of the equilibrium 0. This follows 
from the fact that (q,X) ->■ e J «-°X is in C'(M™° x Ej>, E/>_ w ) for all ^ £ Z and 
from the hypotheses on A and T>. For example 

(t,g,£,SH e - J ^0,2?(i,e,e J "- S) e C'((-3,3) xl 2 "» x S w _ r ,S r _ (;+1)d ), 
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,,. ., .„ „ ,, „ (3-30) 



(more precisely for (q, g, S) in a neighborhood of the origin). So 

(t, q, g, S)-+{S, e-K-OQjVit, g, e J ^S)), 

is in C l ((-3, 3) x R 2n ° x £_ fe ,M) for k < r - (I + l)d (for (q,g,S) near origin). 
For I > 1 we can apply to (3.28) standard theory of ODE's to conclude that 
there are neighborhoods of the origin S K 2n C M. 2n ° and B^_ k C S_fe such that 
the flow is of the form 

S(t) = R + S(t,g,R) , S(0,q,R) = 0, 

q(t) = q(t,g,R), q(0, B ,R) = 0, (3.29) 

Q(t) = Q + ~§(t, Q, R) , g(0,g,R) = , 

with S g C'((-2,2) x B Rno x B s _ fc ,£ r _ (;+1)d ) 

g,q(t,g,R) 6 C'((-2,2) x B R ~ x S E _ fc ,M™°) 

For 5 g Sd n B<z_ k and 5(0) = S, choosing s" > d we have S(t) g E d with 
n(S*(i)) = g(t) for p(0) = g = U(S). Then (3.30) yields (3.22) (we can replace 
E d with Ed if § g N). (3.21) and (3.22) yield (3.25). 
We have for R(0) = i? 

i?(t) = e J,J ( t )- c> (i?+ / e' Jq( - t ' ) - T>{t',g{t'),R{t'))dt l ). (3.31) 

Jo 

By (A6), for e = 0, and by (3.19), for \s"\ < r - (I + l)d we have 

||£(*)lk„ <C||i?|| s .„ +C / ||2?(t / , e (t),ii(t / ))||E r dt / 

Jo 

< C\\R\\^„ +C f \\R(t')\\™\(\g(t')\ + \\R(t')h_ r ydt> (3.32) 

Jo 

< C||i2|| E .„ + C T ||i2(t , )ll£ o „(l0(*')l + II^Olliv)^ 

Jo 

with the caveat that the second line is purely formal and is used to get the third 
line, where the integrand is continuous. Proceeding similarly, for g{0) = g 

\Q(t)-Q\< ( \(R(t'),0V(t',R(t'),g(t')))\dt' 
Jo 

< f \\R(t')h 0+1)d _ r \\V(t',g(t),R(t'))h r - ld dt' (3.33) 

Jo 
t 

/\||M +1 



< Cj^ \\Rtf)\\%£^_ r {W)\ + \\R(t')h il+1)d _ r ydt>. 

So for \s"\ < r — (I + l)d, using the continuity in if of the integrals in the last 
lines of (3.32) and (3.33), by the Gronwall inequality there is a fixed C such 
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that for all \t\ < 2 we have 

||fl(*)||E.„ < C\\R\\v t „ , (3.34) 

\e(t) -g\< C\\R\\^ )d _ r (\ S \ + ||i?||E (!+1)d _J J . (3.35) 

By (3.34) for s" = s' and s" = -fc and by |e(t)-e| < C|| J R||^°+ 1 (| <? | + ||i?|| s _ J 4 , 

we get tfiUllk) C W|| fe for all |i| < 2 for ei > e 2 , that is (3.26). 
We have 

S(t,Q,R)= f e-WWvtf^tf^RWctf), 
Jo 

Proceeding as for (3.32) and using (3.34)-(3.35) we get the estimate for S in 
(3.23). The estimate on q is obtained similarly integrating the second equation 
in (3.29). 
We have 

S 2 (t,R,g) = [ dt" [ e-*"«(*'>- <> «(t / ) • <>V{t' , g(t),R(t'))dt' (3.36) 

Jo Jo 

Then by (3.34)-(3.35) we get 

\\S 2 (t,R,g)h r _ d <C" f \ q {t')\\\V{t\B{t),R{t'))\\^_ d dt' 
Jo 

< C'J* \\R(t')\\lf + +l r (\g(t')\ + \\R(t')h il+1)d _ r Tdt' 



(3.37) 



< C||i?||| Mo+1 (\g\ 



This yields (3.24). (3.25) follows by (3.21)-(3.22). Finally, (3.27) follows imme- 
diately from (3.21). 

D 

Lemma 3.9. Assume hypotheses and conclusions of Lemma 3.8. Consider the 
flow of system (3.28) for II = po . Denote the flow in the space with variables 
{(g,R)} by & = (££,#j). Then we have 

& r (q, R) = e J ^ R >«(R + S(t, g, R)) 

3 t e (g,R) = Q + Q-(t,Q,R). 

Furthermore, the following facts hold. 

(1) Let k e Zn[0, r-(l+l)d] and h >max{k+ld,(2l+l)d-r}. Then we have 
£* G C((-2, 2) x U- k , V~ h ) for a neighborhood of the origin U- k C V~ k . 

(2) Let h and k be like above with h < r — (I + \)d. Then given a func- 
tion TVi'Ag, R), we have R^'i ° 5* = Ri'i (t, g, R) and given a function 
Sl'j(g,R), we have Sfyj o5' = S^j (t, g, R) . 
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Proof. (3.38) follows by (3.29). By (3.30) we have 

S e C'((-2,2) x U_ k ,X r _ {l+1)d ) , g and 3* e C'((-2,2) x W_ fe ,R"°). 

By the above formulas we have Br E C l ((— 2,2) x W_fc, S r _( 2 ;+i)d H ^-fc-id)- 

This yields ^ e C'((-2,2) x W_k,£_h) and yields Claim (1). 

By Claim (l),7^o£* <= C'((-2, 2) x U- k ,R n °). Let (g*,i?*) =#{q,R). Then 

I^Joff'^fl)! - |ft#(<?M2')| < c'p'llL.dl^b-, + 10*1)° 
< C\\R\\ h v_ h {\\R\\*_ h + \q\Y < C\\R\&_ k {\\R\\z-> + \Q\) a , 

where the first inequality uses Definition (2.32), the second uses (3.34)-(3.35) for 
s" = -h and the last is obvious. Similarly by Claim (1), S£'j #* e C l ((-2, 2) x 
U- k ,Z h ) C C*((-2,2) x W_ fc ,S fc ) and 

lisfttf.tfjlk < lls^teMz'JIk < CH^II^dl^ b_„ + le*l)° 

< CWRWl^iWRWv-u + \Q\) a < C\\R\&_ k (\\Rh_ k + \g\) a . 

a 

To prove Theorem 6.4 we will need more information on (n(i?(l)),i?(l)). 
This is provided by the following lemma. 

Lemma 3.10. Consider, for T> the function in (3.18) at II = po, the system 

S(t) = V(t,H(R ),S(t)), S(0) = Ro. (3.39) 

Then for S' = 5(1) and for R' = R(l) with R(t) the solution of (3.18) with 
-R(O) = Rq, we have (same indexes of Lemma 3.8) 

\\R'-s'U_ s ,<c\\R \\^+ 2 , 

n(R') - n(s') - iV ! :j M " +1 (n(Ro),Ro). 

Proof. Recall that for g = H(R) we have g = (R,{)D(t,Q,R)). Similarly, for 
a = 11(5) we have a — (5, §V{t, go, S)), where go = U(Ro). So we have 

g-a = {R, 0V(t, g, R)) - (S, ()V{t, g ,S)) 

= (R-S, 0V{t, g, R)) + (S, 0{V{t, go, S) - V(t, g, R))}. 

By (3.19) for fixed constants and using s' < r — d, we have 

\q - &\ < \\R - S\\v_,, \\V(t, g, i?)|[ Er + ||5||e_ s , \\V(t, go, S) - V(t, g, ii)|| Er 
< \\R - S|| E _., \\R\\£.{\q\ + \\Rh_J + \g- Q Q \ ||5|| E _„ \\(R, S)\\^ 

+ WR-sw^jsw^jiR^w^-Wig,^ + \\(R,s)h_ s ,y. 
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Wc have R - S = V{t, g, R) - V{t, g ,S) + JA(t, g, R)(t, g, R) ■ OR and hence 
for fixed constants wc have, using s < s' — d, 

\\R-Sh ., < f [\\V(g,R)-V(g ,S)h ., + \A\\\R\\v_ s ]dt' 
Jo 

< t [\\R- Sh_J(R,S)\\^-\UQo)\ + \\(R,S)h_ s ,y 

Jo 

+ \g-go\\\(R,S)\\^ s , + \\R\\^_+ 2 ]dt'. 

Recall that \g - g \ < C\\Ro\\%£^_ r (\Qo\ + ||i?ob (!+1)d _J l by (3.35), that 
s < r — (I + l)d and that we have (3.34) for s" = —s, —s'. Then by Gronwall 
inequality, the above inequalities yield 

\\R(t)-S(t)\\z_ sl <C\\R \\^t 2 

\g(t) - a(t)\ < C||i? |l! M : +1 (|eo| + HflollO*. 

This yields the bounds implicit in (3.40). The regularity follows from Lemma 
3.8. 

□ 

3.3 Darboux Theorem: end of the proof 

Formally the proof should follow by ix^t = —&, where Clt — (1 — t)Clo + tCl, 
and by 

j t ffiflt) = r t U Xt Slt + ^Ck\ = T t (dixtih + da) = 0. (3.42) 

But while for [4, 7] the above formal computation falls within the classical 
framework of flows, fields and differential forms, in the case of [2, 6] this is not 
rigorous. In order to justify rigorously this computation, we will consider first 
a regularization of system (3.18). 

Lemma 3.11. Consider the system 

t j =T j (t,U,Il(R),R), ri j= o, 
R = Aj(t, II, U(R), R) J(e0y 2 0jR + T> e (t, U, U(R), R), 
where V t = V + A P Ng{pQ )J0 3 {l - {eO)~ 2 )R- 

(1) For \e\ < 1 system (3.43) satisfies all the conclusions of Lemma 3.43, if 
we replace in (3.21) with (e0)~ 2 (resp. T> in (3.24) with V e ), with a 
fixed choice of constants e\, e-i, C, and with a fixed choice of sets -Br^o, 
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(2) For X % the vector field of (3.18), denote by X\ the vector field of (3.43). 
Let n! > n + d with n, n' G N. Then for k G Z n [0, r] we have 

lim X\ = X 1 in C M ((-3, 3) x W"' fe , "P") uniformly locally, (3.44) 

i/iai is uniformly on subsets of (—3, 3) x W™ fc bounded in (—3, 3) x P" . 

(3) Denote by 5* = G5^t' Stii) ^ e /^ ow; associated to (3.43) at II = po- £e£ S ';S 
and fc as m t/ie statement of Lemma 3.8. Then there is a pair < E\ < Sq 
such that 

lim #* = 5* in C i_1 ([-1, 1] x U s ' k ,U* k ) uniformly locally. (3.45) 

Proof. For claim (1), it is enough to check that T> e satisfies an estimate like 
the one of V in (3.23) for a fixed C for all |e| < 1. Indeed, after this has been 
checked, the proof of Lemma 3.18 can be repeated verbatim, exploiting (A6) for 
e 7^ and with replaced by (e0)~ 2 0- 

The estimate on T> e needed for Claim (1) follows by the definition of P> £ , by the 
estimate on P>, by Pjy ( Po ) = e a (e*, ) (sum on repeated indexes) for Schwartz 
functions e a and e* and, for n G N with n — 1 > s + d, and by 



\\PN g{P0 )J<>i(l - (eO)- 2 )\\B(x^ r ) < ||e o <J0i(l - (e0)- 2 )e* a , >|| b( e_ p ,e p ) 

Is , 



< ||e || Ep ||(l - (60)- 2 )e:|| Sr+d < C(e)||e || Ep \\e* a \ 



(3.46) 
C(e) = ||0(1 - (e0r 2 )||B(E r ,,s r+d ) is bounded by (2.4) for |e| < 1 for any pair 
(r', r) with r' > r + d. 
We consider now Claim (2). We have 



X* - X\ = ^(t, g, R) (J(l - (e0)- 2 )0,i? - P^^) J0,(1 - (eOr 2 )^) • 

We have P/v ( Po )J0j(l — ( £ 0)~ 2 )-P — ^ for i? G £„' for any n'eZ because in 

fact C(e) — > by (2.5), with C(e) defined like above for any pair (r',r) with 

r' > r + d. 

Still by (2.5), for n > n' + d and for R G £„/ we have by (A5) 



|| J0(l - ( £ <»- 2 )i?|| s „ < 110(1 - ( £ 0)- 2 )|| B ( S „,^)||P|| 

<q|(i-( e o)- 2 )|| B ( S „„ s „ +d )||P|| s „, £ 4°o. 



(3.47) 



These facts yield (3.44). 

We turn now to Claim (3) and to (3.45). By the Rellich criterion, the embedding 
E a M> S;, for a > b is compact. Hence also V a M> P 6 is compact. Then (3.45) 
follows by the Ascoli-Arzela Theorem by a standard argument. 

□ 
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Corollary 3.12. Consider (3.18) defined by the field X 1 and consider indexes 
and notation of Lemma 3.8 (in particular we have M$ = 1 and i = 1 in (3.19) 
and elsewhere; r and M can be arbitrary). Consider s' ,S and k as in 3.8. Then 
for the map £* £ C l {U s ^ k ,V s ) derived from (3.25), we have $ u fl = fl . 

Proof, f^o is constant in the coordinate system (r, II, R) where R £ Nq(H*), 
with fio = drj A dllj + (J^ 1 , ), where we apply (J -1 , ) only to vectors in 
the R space. Hence fl a is C°° in R e L 2 , r and II, with values in B 2 (L 2 ,R). 
From Lemma 3.3 we have that da, so also Q by Q, — Oo + da, belongs to 
C°°{U s eQk ,B 2 {V,m.)) for an e > 0, and so also to C°°{U s e0tk , B 2 (P S ,R)). Let 
now r - (I + l)d > s' > s + Id and k € Z n [0, r - (/ + l)d]. Then for a hxed 
< £2 <§C £i and for all |e| < 1 we have 

& e C l ((-2, 2) x Z< ifc ,W e ' lifc ), 3t(^, fc ) C W'^ for all |i| < 2 (3.48) 

by Lemma 3.8, for a fixed I > 2. By Lemma 3.11 we have uniformly locally 

lim# = 5* in C'([-l, 1] x w£ fc ,« e ' lifc ). (3.49) 

Let us take < £ 3 < £2 s.t. ^(W^fc) C W^ fe for all |t| < 2 and |e| < 1. 

In U s e k the following computation is valid because X\ is a standard vector field 

in U* k and similarly Ct t is a regular differential form therein: 

dl*n - o = / ^ (3f fit) dt = / 3f ^.n t + ^n t ) c*t 

= d f $ t ;(i xt n t + a)dt, 

Jo 

where we recall fit = ^o + t(Cl — £Iq). 

If we consider a ball B in U^ k , in the notation of Lemma 3.1, for some function 

ip e e C 1 (B,R) we can write 

3f (B + a) - B + # e = / 3f (i^*a + ") dt, (3.50) 

Jo 

By (3.48)-(3.49) we have 

lim(£*(B + a) - B ) = ^*(B + a) - B a in C l -\U s ^ k , B(V S ' ,R)). 

The set F := {3t(B) : \t\ < 2, |e| < 1} is a bounded subset in U^ k because of 
(3.34)-(3.35). Then we have 

lim X\ = X t in C°((-2,2) x T,V S ) uniformly . 

Hence by ix^t = — a we get 

lim <i X tfl t + a) =i X tfl t + a = in C°((-2,2) x r,B("P s ,R)) uniformly. 
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This implies 

Urn || / 3f (i x tSlt + a) dt|| i0 o ( B,B(p«',R)) 
<Clim\\i X tfl t + a\\ LOO{[01]xTM p Stm = 0, 

for C an upper bound to the norms ||(^*)|yt( v ) : B(^ S ',K) -4 B("P S ,]R)|| as v 
varies in B. Notice that C < oo by (3.45). 
By (3.50) we conclude that uniformly 

lim# e = Bo-S^iBo + a) in C°(B, B(P S ', M)). 

Normalizing ip e (vo) = at some given vq £ B, it follows that also ip e converges 
locally uniformly to a function t/>o with dipo — Bo — J 1 * (Bo + &)• Taking the 
exterior differential, we conclude that 3 d * ft = ft in C 00 ^ k , B 2 (P S ' , M)). 

D 



4 Pullback of the Hamiltonian 

In the somewhat abstract set up of this paper it is particularly important to 
have a general description of the pullbacks of the Hamiltonian K. Our main 
goal in this section is formula (4.14). This formula and its related expansion in 
Lemma 5.4 obtained splitting R in discrete and continuous modes, play a key 
role in the Birkhoff normal forms argument. 

The first and quite general result is the following consequence of Lemma 3.8. 

Lemma 4.1. Consider § = §1 o • • • o $l with $j — 3t- transformations as 
of Lemma 3.8. Suppose that for j we have Mq = rrij, with given numbers 
1 < m\ < ... < ttil- Suppose also that all the j we have the same pair r and M, 
which we assume sufficiently large. Let ij = 1 if rrij = 1 . Fix < ml < M 

(1) Let r > 2L(m' + l)d + s' L > 4L(m' + l)d + s lr si > d. Then, for any 
e > there exists a 6 > such that $ £ C m ' (Ug L a ,U^ h ) for0<a<h and 
< h< r - (to' + l)d. 

(2) Letr > 2L(m' + l))d+h > 4L(m' + l)d+a 7 a > 0. The above composition, 
interpreting the 3j's as maps in the (g,R) variables as in Lemma 3.9, 
yields also 5 S C m (U- a ,'P~ h ) for U- a a sufficiently small neighborhood 
of the origin in V~ a . 

(3) ForU- a C V~ a like above and for functions lV£ m , £ C m '(W_ a ,M) and 
& % a m i £ C m {U- ai Ti a ), the following formulas hold: 

U(R') := n(R)o$ = u(R)+nl'Z 1+1 (n(R),R), 

p' :=po$ = p + lll^ +1 (Il(R),R), (4.1) 

%>=% + Sl^ +1 (II(R),R). 
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(4) For a function F such that F{e jT '^U) = F(U) we have 
F o $(U) =FU P + P(p)(R + StV™J) + « +1 ) ,k' = r- 7L(m' + l)d. 



Proof. Recall that by (3.25) we have fo G C m {UJ h Ml]. h ) for r - (m' + l)d > 
s 'j > s j + w'd and appropriate choice of the < e'- < £j and for h G Z fl [0, r — 
(m' + l)d]. So for the composition we have $ G C m (U*, a ,U^ h ) for a < h. 
The inequalities r > 2L(m' + l)d + s' L > 4L(m' + l)d + s\, Si > d can be 
accommodated since r is assumed sufficiently large. This yields claim (1). 
By Lemma 3.9 we have fo G C m '(W_, (+jm M,'P-' t+ ^ 1 ) m ' d ) with U- h+jm , d C 
■p-h+jm a a neighborhood of the origin. So for the composition we have § G 
C m ' {U- a ,T>- h ) for a < ft - Lm'd. The conditions r > 2L(m' + l)d + h, 
h > AL{m! + l)d + a and a > 0, can be accommodated since r is assumed 
sufficiently large. This yields claim (2). 

We now prove (4.1). Let first L = 1. By (3.21) we have R := (£i)jj(II(.R), i?) = 
e Jqi ' () {R + S^^, +1 N d ,), where we use M > m'. Here we will omit the vari- 
ables (n(i?), R) in the S's and 7?.'s. Then we have for a' = r — (m/ + l)d 

n(#) = n(i? + st 1 ,;™}) = n(i?) + K 1 ,^. (4.2) 

Here we have used 

Ki?,osiv™;)|<||i?it s _ a , +d ||s:v™}|| Sa ,. 

By pj = IL, - n 3 (R) + 1l ' 2 (n(R) 7 R) we get 



p'j = n, - nj(R') + n°' 2 (n(R'), if) 



0,2/TT/nN r>\ i <r>H,"H + l _ i <r>H,TOi+l 



n, - n,(i?) + ^^(n(i?), i?) + Kv_ m d ^ = p 3 + Ka 



(4.3) 



This yields (4.1) for L = 1 since a < r — 4(ra' + l)d < a' — d. We extend the 
proof to the case L > 1. We write here and below $' := Ji o • ■ • o 3x-i- We 
suppose that %(n(i?),ii) = e Jq -°(R + Sy mi m ,) for a^ < r - 2(L - l)m'd, 

which is true for L — 1 = 1. Then 

r> = e-^yo (e^-«(R + s;-p +1)d , ro ,) + s;v- m , o &.) 

i r— (m' + ljd.m'-' a L _ 1 —m / d,7n' J ' 

where or = 7£ '"J 1 ' , , , N , , and where we used the last claim in Lemma 3.9. Since 

^ XJ r—(m-\-l)a,m 

e -J«i,-0g*i> m i _ g*i,mi conclude that there is an expansion 

a L _ 1 —ma,m' a L—i *m r a.,m' ^ 

R' = e J 9-<>(i? + S* 1 ,'" 11 ,) for a' < a' ,- 2m' d. Then 

v a L ,m' ' L — L — l 

$ R (IL(R),R) = e^HR+K'Z') > a> L ■■= r - 2Lm ' d - ( 4 - 4 ) 
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For a 1 — a' L formulas (4.2)-(4.3) continue to hold. By a < a' L — d this yields 

(4.1). 

We consider the last statement of Lemma 3.21. For a' = r — (rnf + l)d we have 

F(UU)) = P(<V + P(p')e J ^<>(R + S^™, 1 )) = 
F(% + P(p)e^O(R + S-;™!) + 8$>3$) = 
F (e^-0 ($ p + P(p)(R + S^) +Y)) 

with 

Y = (e^'O - l)$ p + [P(p), e J ^0](R + S^i) + e^^S^ 1 * 1 , 

We claim 

Y = S^~^ m ,. (4.5) 

To prove (4.5) we use (e J ^<> - l)$ p = K^+Dd.m' = KQ +1 ■ This follows 
from $ p e C°°(0,S) and 



|(e^-<> - l)%\ < \qij\ / |e*^-00^ P | Ei dt < C,|?y| |0,$ p | . (4.6) 

Jo 

Schematically we have, summing over repeated indexes and for ej, e* G 5, 

[P(p),e J *-0] = [e^-<>,Pv»] = e^-O ej (e*, ) - e,< e -^-<>e*, ) 
= ( e^-0-l)e j <e*,)-e j ((e-^^-l)e*,) 

_ oO,mi+l / * \ , /cO,mi+l \ 

r-(m'+l)d,7ra'\ e j' / " r e J \°r-(m'+l)d,m" ' - 

This yields for any a" < a' = r — (m 1 + l)d 

[P(p),e J *"<>](ii + S^) = SJ;^ +2 . 

We have e-'^S^^ - S*Vr ( ^+ 1)dim ,- Then (4.5) is proved. Then 

F(UU)) =f(% + P(p)(R + SlV_7 m , d . m ,) + S-^d, J (4-7) 



for a' = r — {m! + l)d. This proves the last sentence of our lemma for L = 1. 
For L > 1 set once more 5' := Si °"- °5l-i- We assume by induction that 
F($'(U)) equals the rhs of (4.7) for a' = a' L _ 1 := r - 2(L - l)m'd. Then using 
SJ^T 1 o£ L = S;^ d m , from Lemma 3.9, by (4.1) for ff = $ L and by (4.5) with 
the index 1 replaced by index L, we get 

F{${U)) = F(%,+ 

P(p')e JqL - <> (R + S tL ^ nL ,^^ ,)+ J P(p')S 4 V mi , A , +S i V mi+1 l , ,) 

\r / v r— (m +l)d,m ^ Vi ^ ' a L _ 1 —m<X,m' a L _ 1 —m<X,m') 



F e JqL<> 



% + P(p)(R + S n ; mi ,. ,) + S M 
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We conclude that F($(U)) equals the rhs of (4.7) for a' L = r — 2Lm'd. In 
particular this proves the last sentence of our lemma for any L. 

□ 

Lemma 4.2. For fixed vectors u and v and for B sufficiently regular with 
-B(O) = 0, we have 

B(|u + v|?) = B(|u|;)+B(|v|?) 

3 

+ E / £($' +1 )|t=o<WI*u + tv|i)] dtds 

~^[0,1] 2 -? ! ( 4 - 8 ) 

J[04] 2 Jo J! 

Proof. Follows by Taylor expansion in t of 

S(|u + v|?) = B (|u|?) + T $[B(|u + *v|?)]dt = 

Jo 

B(|u|?)+B(|v|?)+ / dtdad a dt[B(\sa + tv\l)]. 
J\o.i} 2 
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Lemma 4.3. Consider a transformation $ = Jio- • -o^l ?ifce m Lemma 4-1 and 
with mi = 1, ii/ii/i saTne notations, hypotheses and conclusions. In particular we 
suppose r and M sufficiently large that the conclusions of Lemma 4-1 hold for 
preassigned sufficiently large s = s' L , k' and m! ■ Let k < kl — max{d, ord(T>)} 
and m < 777'. Then there are a ip(g) G C°° with ^p(g) = 0(\g\ 2 ) near and a 
small e > such that in W e k we have the expansion 

Ko$ = l(IL(R)) + Ul{U p P{p)R, P( P )R) + Ul' 2 m + E P (P{p)R) + R" (4.9) 

4 r 

R" :=y2(B d (R,U(R)),(P(p)R) d }+ / B 5 (x,R,R(x),U(R))(P(p)R) 5 (x)dx 

d=2 J* 3 

with: 

•Kt^K^R)^); 

• 5 2 (0,0) = 0; 

• (P(p)R) d (x) represent d— products of components of P(p)R; 

• B d (-,R,g) G C m (W_ fe ,S fc (M 3 ,B((R 27V )® d ,M))) for 2 < d < 4 withU_ k C 
V a neighborhood of the origin; 

• for ( G M. 2N with |£ < e and (g, R) G U-k we have for i < m 

W^RX,e^5{R, Ct Q)\\^ k (m 3 ,b((m 2N )<s 5 M) < Cj- (4-10) 
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Proof. Here we will omit the variables (H(R),R) in the S's and 7?.'s. 

By Lemma 4.1 for m < m! < M, k + max{d,ord(£>)} < k 1 < r — L(m! + 2)d, 

we have 



K(d(U)) = E{% + P(p)R + P(p)Stf m , + Sl? m ,) - E {% 



1,1 . nl.2 

(4.11) 



(4.12) 



- (A» + K' 2 j (il,($ p + p( P )R) + n x * m it, ($ po )) , 

where, by (4.1), we have used p' :=p°5 = p + TZ k ' and where by k < k' — d 

n,($ p + P( P )R + P(p)Sl>,] m , + S*; 2 m ,) = n,(<& p + P{p)R) + 7^; 2 m . 
Set now * = $ p + P(p)S^ m , + S^ 2 m ,. By (4.8) for u = * and v = P(p)R 

E P (t> + P(p)R) = E P ($) + E P (P(p)R) 

+ V f dx f -{dl + \ =Q d a [B(\ S y + tP(p)R\\)]dtd S 

~~ JVL 3 J[0,1] 2 J ] 
3 

+ V f dx f -{dl + \ =0 d s [B{\ S ^ + tP(p)R\l)]dtd S 

+ f dx f dtds f d%[B(\s^ + TP(p)R\ 2 1 ) y t ~J' dr. 
Jm 3 J[o,i] 2 Jo 3! 

The last two lines can be incorporated in R . For example, schematically we 
have 

d%B(\s% + TP(p)R\\) ~ B(s% + rP(p)R) % {P{p)Rf , 

for some B(Y) e C°°(M 2Ar , B 6 (R 2JV ,R)). This produces a term which can be 
absorbed in the B$ term of R". In particular, (4.10) follows from (2.2). The 
terms in the third line of (4.12) can be treated similarly yielding terms which 
end in the Bd term of R" with d = j + 1. 
The second line of (4.12) equals 

f dx f dtd s y^ t -(dl +1 )\ t=0 d s { B(\ S % + tP(p)R\l)+ 
Jrs J\o.i} 2 ~k 3- 



'IM- i=o 



/ drd T [B{\ S {% + T(P(p)Sl',) m , + S^ m ,) + tP{p)R\\)] }. 
Jo 



(4.13) 



The contribution from the last line of (4.13) can be incorporated in R +TZ ' 



By k < k' — ord(2?) we have 

E K (V + P(p)R) = E K (V) + (V%, P{p)R) 



k.m' 



(V(P(p)Sl',] ml + Sl', 2 m ,),P( P )R) +E K (P(p)R). 
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Notice that from the j = term in the first line of (4.13) we get 

2 f dx f dsd s [B'{\s$ p \ 2 1 )s$ p - 1 P(p)R}=2 [ dxB'{\%\\)^ p - 1 P{p)R 

Jm 3 Jo Jwl 3 

= (VE P (%),P(p)R). 

By (2.6) and (2.16), that is V£($ p ) = \{p) ■ 0$ P G N g (H*), and by P(p)R G 
N^-(H P ), we have 

{V%,P{p)R) + (VE P (%),P(p)R) = (VE($ p ),P(p)R) = 0. 

The j = l term in the first line of (4.13) is \(V 2 E P (<$> p )P(p)R,P(p)R) which 
summed to the E K (P{p)R) in (4) yields the \Q,(H p P{p)R,P{p)R) in (4.9). 
We have E K {^) + E P (V) = E(V) and 

T-,1,2 



£(*) = 25(* p ) + <VJJ7(* P ), P(p)S# m ,) + (VE(%), s^ m ,) +nlf m 
The last term we need to analyze, for d(p) := E(Q p ) — \(p) ■ n($ p ), is 

£($ p ) - e($ po ) - J2 \j(pWj(*p) - n,(* P0 )) 

= d(p) - d(p Q ) - ^(Aj(po) - ^j{p))Poj =■ 4>{p,Po), 



3 
\2\ 



where ip(p,pa) = 0((p — Po) ) by d Pj d(p) = —p ■ d Pj X(p). Notice that ^ G 
C oo (0 2 ,]R). Now recall that in the initial system of coordinates we have p' = 
II - II(P') + TZ a ^ 2 (n(R'),R'). Substituting p' and U(R') by means of (4.1), 
and R' by means of (4.4) we conclude that p = pa — H(R) + 1Z k ', m ,. Then 

*P(p,Po) = V^(n(i?)) + Tl k \ m with f_(Q) := ip(p - g,p ) a C°° function with 
ip(g) — 0(\g\ 2 ) for q near 0. 

D 

Lemma 4.4. Under the hypotheses and notation of Lemma 4-3, for an R' like 
R , for a ip G C°° with ip(g) — 0(\g\ 2 ) near 0, we have 

Ko$= V(n(fl)) + Ul{U Po R, R) + Kl a m (Tl(R), R) + E P (R) + R\ (4.14) 

4 r 

R' := y2(B d (R, U(R)),R d ) + / B 5 (x, R, R(x), U(R))R 5 (x)dx, 

the Bd for d = 2, ..., 5 with similar properties of the functions in Lemma 4-3. 
Proof. We have 
P( P )R = R + (P{ P ) - P(p ))R = R + S M (p - po, R) = R + S M (II(P), R). 
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Substituting P(p)R = R+ S hl (U(R), R) in (4.9) we obtain that Tl]^ m + R" is 
absorbed in lZ k ' m (H(R), R) + R'. This is elementary to see for the terms with 
d < 4. We consider the case d = 5. 

jl,l\5-« 



B 5 (x, R, R(x), H(R))R l (x)(S 1 - 1 ) 

5 — i 1 

= Y,-i( d ih=o[B 5 (x,R,tR(x),n(R))]R i (x)(s 1 ' 1 



The last term can be absorbed in the d = 5 term of R'. Similarly, all the other 
terms either are absorbed in R' or, like for instance the i = j = term, they 
are R}- 2 . 

We write E P (P{p)R) = E P (R - P Nq ( P )R) and use (4.8) for u = R and v = 
— Pjv (p)-R- We get the sum of Ep(R) with a term which can be absorbed in 
n \ 'lP(fl), -R) + R ' We finally focus on 



We have 



-{J- 1 n p P( P )R,P(p)R) = -(DP(p)R,P(p)R) 
- X 3 (p)n 3 (P(p)R) + ^(V 2 E P (%)P(p)R,P(p)R). 



(VP(p)R,P(p)R) = (VR,R)+K];l l {U{R),R) 



(4.15) 



(V 2 E P ($ p )P(p)R,P(p)R) = (V 2 E P ^ Pa )R,R)+TZ 1 k 2 m (n(R),R) 

+ ((V 2 E P (%)-V 2 Ep(% a ))R,R) 
\ 3 {p) = Xjipo) + TZ^°(n(Rj) + K k '? m (n(R), R) 

n j (P( P )R) = u j (R) + n 1 k ' 2 m (n(R),R). 

Then we conclude that the right hand side of (4.15) is 



\({V - X(p Q ) ■ + V 2 E P (% ))R, R) +ll 2 - (Tl(R)) + ll k > 2 m (Il(R) , R) (4 .i 6) 

+ i((V 2 Pp($ p ) - \7 2 E P (<P po ))R,R) 

where the last term can be absorbed in the d — 2 term of R'. Setting ip(g) = 
?Kq) + R 2 '°(g) with the U 20 in (4.16), we get the desired result. □ 

We have completed the part of this paper devoted to the Darboux Theorem. 
The next step consists in the decomposition of R into discrete and continuous 
modes, and the search of a new coordinate system by an appropriate Birkhoff 
normal forms argument. 
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5 Spectral coordinates associated to / H Po 

We will consider the operator T-i Po , which will be central in our analysis hence- 
forth. We will list now various hypotheses, starting with the spectrum of 
H Po thought as an operator in the natural complcxification L 2 (R 3 ,C 2Ar ) of 
L 2 (R 3 ,R 2Ar ). 

(LI) (T e (H Po ) is a union of intervals in iR with $ a e {% Po ) and is symmetric 
with respect to 0. 

(L2) ct p (H Po ) is finite. 

(L3) For any eigenvalue e £ cr p(^p o )\{0} the algebraic and geometric dimen- 
sions coincide and are finite. 

(L4) There is a number n > 1 and positive numbers < e[ < e' 2 < ... < e' n 
such that CT p (7{p ) consists exactly of the numbers ±ie'- and 0. We assume 
that there are fixed integers no = < ni < ... < n; = n such that 
e' = e[ exactly for i and j both in (n/, n; + i] for some I < ^o- In this case 
dimkcr('Hp — e'j) = n; + i — nj. We assume there exist Nj £ N such that 
Nj + 1 = inf{n £ N : ne' rj £ o- e (H Po )}. We set N = sup., Nj. We assume 
that e'j (jL <Jp('Hp ) for all j. 

(L5) If e'-j < ... < e'j. are i distinct A's, and /i £ Z fe satisfies |/i| < 2N + 3, then 
we have 

Mi e j! H 1" Vke' jt = <*=*> ix = . 

The following hypothesis holds quite generally. 

(L6) If tp £ ker("H Po - ie) for ie £ a p (H Po ) then tp £ S(R 3 , C 2W ). 

By (2.15), Up a i = e£ implies W^J"^ = -eJ"^. Then a p (H Po ) - a p {H* po ). 

We denote it by a p . 

By general argument we have: 

Lemma 5.1. The following spectral decomposition remains determined: 

N^(n; ) ® R C = ( ffi eeCTpU0 } ker(H P0 - e)) © X c ( Po ) (5.1) 

X c ( Po ) := {A^J © ( © e£CTp \{0} kcr(H; - e))} X . 
We denote by P c the projection on X c (po) associated to (5.1). Set H := 

rL Pa r c . 

The following hypothesis is important to solve the homological equations in the 
Birkhoff normal forms argument. 

(L7) We have R u o 0j £ C w (p(U),B(Y, n , £„)) for any n £ N, any j = 1, ..., n 
and for any i = 0, 1, where p('H) = C\cr e (7^ Po ). 
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For the examples in Sect. 7, (L7) can be checked with standard arguments. 
We discuss now the choice of a good frame of eigenfunctions. 

Lemma 5.2. It is possible to choose eigenfunctions £' G ker( / H Po — ie') so that 

^(£j.?fc) = f° r J ^ k an d Cl(€'j,€j) = —isj with Sj G {1,-1} • We have 
0(£'-, !;' k ) = for all j and k. We have f2(£, /) = for any eigenfunction £ and 
any f G X c (p ). 

Proof. First of all, if A,/i G &p(Hp ) are two eigenvalues with A^O and given 
two associated eigenfunctions £ M and £> 






(5.2) 



where for the second equality we used (2.15) and for the last one the fact that 

~H Pa S, = fJ'S, implies H Po £, = ~p£,- Then, for e^ ^ e^ and associated eigenfunctions 

£j and £fc we get fi(£j,£ fe ) = 0. Notice that by a similar argument we have 

O(a,^) = -^(6,^)andsoO(^,^)=0. 

Since "H Po C = e £ implies "H* J _1 £ = — eJ _1 £, for any eigenfunction £ of "H Po 

then J _1 £ is an eigenfunction of %* Q . By the definition of X c (p ) in (5.1), we 

conclude Q(£, f) = (J" 1 ^ /) - for any / e X c (p ). 

Let ie G iR\{0} be an eigenvalue. By the above discussion, the Hermitian form 

(iJ _1 ^,?7) is non degenerate in ker("H Po — ie). Then we can find a basis such 

that (iJ~ 1 r)j,rj k } = — \a,j\sign(aj)5jk, for appropriate non zero numbers aj G R. 

Then set £' = \/\aj\r)j. D 

We set £j = £'j and ej = e'j if Sj = 1. 

We set £.,- = ^ and e.,- = — e^ if S, = — 1. 

Notice that if / G X c (po) then also / G X c (po)- This implies that for R G 

N^-(Hp Q ) <8>r C with real entries, that is if R = R, then we have 

n n 

R(x) = £ z^-(x) + ^Zjtjix) + f(x), f G X C ( P0 ). (5.3) 

with / = /. 

By Lemma 5.2 we have, for the Sj of Lemma 5.2, 

\tl{U Po R,R) =J2 e o\ z j\ 2 + ln(H p JJ) =: H 2 . (5.4) 

Consider the map i? — > {z,f) obtained from (5.3). In terms of the pair (z,f), 
the Frechet derivative R' can be expressed as 



E 



# = J2(dz J S J +<&&) + /'. 
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We have 

Sl(R',R') = -i^2dz j Adz j +Cl{f',f). (5.5) 

For a function F independent of r and II let us decompose Xf as of spectral 
decomposition (5.3): 

n n 

x F = J2( X *-)*M X ) + J2^ Xf ^M x ) + (^)/> (*»/ e X M- 

3 = 1 3 = 1 

By ix F Q — dF and by 

dF = d Z] Fdz 3 + £h 3 Fctz 3 + (V/F, /' ) 

i XF n = -i(x F ) Zj dz, + i(x F )- j dz 3 + {j- 1 (x F ) f j' ), 

we get 

(X F ) Z] = i^.F , (X F ) Zj = -id Zj F , (X F ) f = JV/F. 

This implies 

{F,G} :=dF(X G )=id ti Fd Si G-id Si Fd Zi G+(yfF,JVfG). (5.6) 

Hence, for H 2 defined in (5.4), for z = [z\, ....,z n ), using standard multi index 
notation and by (2.15), we have: 

{H 2 ,z^z v } = -ie-(n-y)z^ ; {H 2 , (J'^J)} = {J^UyJ). (5.7) 

5.1 Flows in spectral coordinates 

We restate Lemma 3.8 for a special class of transformations. 
Lemma 5.3. Consider 

x= Yl Mn(/))^r+ Yl ^ v (J- l B^(f))J) (5-8) 

\n+v\=M +l \n+v\=M 

with b^ u {g) = Tty M (g) and B^ v {g) — S^ M (g) with i 6 {0, 1} fixed and r, M 6 N 
sufficiently large and with 

b^u = b vll , B^v = B ut i, (5-9) 

(so that x is real valued for f = f ). Then we have what follows. 

(1) Consider the vectorfield X x defined with respect to Hq- Then, summing 
on repeated indexes (with the equalities defining the field Xff), we have: 

(X x ) Zj = iok 3 X =■■ (**% , (X x h = ~id Zj x =■■ (**% , 

(X x ) } = d u . u)X P;(po)JO j f + {X£) f where (X^) f := /j"B F (n(/)). 
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(2) Denote by <$ the flow of X x provided by Lemma 3.8 and set (z , f ) = 
(z, /) o (// . Then we have 

z t = z + Z(t) / t = e J « (t) ' <> (/ + S(t)) (5.10) 

where, for (k,m) with k G Z n [0,r — (m + l)d] and 1 < m < M, for 
^£_ fc o- sufficiently small neighborhood of in S_fe n X c (pa) and for Be 
(resp.B^na) a neighborhood of in C n (resp.W 10 ) 

S G C m {{-2, 2) x B cn x B s _ k x B R „ a , £ fc ) 

g G C m ((-2,2) x B cn x B s _ fc x Br-o.R" ) (5.11) 

Z G C m ((-2,2) x 5 € „ x B s _ fc x B r „,C"), 

with for fixed C 

\q{t,zJ, e )\<C{\z\ + \\f\\*_ k ) M ° +l 



|2(t,«,/,e)| + ||S(t,«,/,e)lk<C(|«| + 



s_ 



\M|, 



(5.12) 



VFe have S(t, z, f, g) = Si(i, 2, /, £>) + ^(i, 2, /, £•) urci/i 



Si (*,*,/,$) = [ (X^fo/dt' 

Jo 



(5.13) 



||&(M,/,e)lk < <?(M + ||/HO^ 0+1 (l*l + ||/|| s _, + |el)'. 



(^5j The flow (j) 1 is canonical: for s,s',k as in Lemma 3.8, the map (p 1 G 
C l (U s e [ k ,-p s ) satisfies </>**O = fi in C°°(U^ k , B 2 (P S ' ,R)) for e 2 > 
sufficiently small. 

Proof. First of all notice that \ does not depend on r and II so that the only 
nonzero component of X x is (X x )r = JVrX- The latter is of the form indicated 
in claim (1) by a direct computation. Claim (2) follows now by Lemma 3.8. 
To prove Claim (3) we need to make rigorous the following formal computation 

j f ^*^o = ^*L Xx n = 0**d*x x fio = ^*d 2 X = 0. 

To make sense of this we can proceed as in Corollary 3.12. We skip the proof. □ 

Lemma 5.4. Consider a transformation J = $i o ■ ■ ■ o $ L like in Lemma 4-1 
and with m\ = 2 and for fixed r and M sufficiently large. Denote by (k',m') 
the pair (k,m) of Lemma 4-4 an d consider a pair (k,m) with k < k' and m < 
ml — (27V + 5). Set H' := K o $. Consider decomposition (5.3). Then on a 
domain li 8 e k like (3.20) we have 

H' = VW)) + H' 2 + R , (5.14) 

for a ip G C°° with ip(g) — 0{\g\ 2 ) near and with what follows. 
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(1) We have 

h' 2 = J2 v(n(/))^ + ^r%»/-/)- (5-15) 

e-(fi — i-*)— 

(2J VKe /uwe # = # i + R + Ri + R 2 + nl' 2 rn+2 (U(f), /) + #3 + J? 4 , w^-' 



R-i= J2 a^(W))^r + ]T zWiJ-iG^m)),/); 

\li+v\=2 \n+v\=\ 

For N as in (L4) of this section, 

2N+1 

r q = £ «^v(n(/)); 

1^+^1=3 
2N 

fli= X! ^^(^ _1 ^(n(/)),/}; 

\n+v\=2 

R 2 = (B 2 (n(/)),/ 2 ) witA B 2 (0) = 

where f d (x) represents schematically d— products of components of f ; 

R 3 = J2 *"2"<V(*./> n (/))+ E ^ I/ (^- 1 G ! ^(^/,n(/)),/); 

Im+"I= Im+H= 

=2N+2 =2N+1 

#4 = V(B d (z,/,II(/)),/ d ) + / B b {x,z,f,f{x),U{f))f(x)dx 

d=2 JK3 

+ R 2 {z,f,U(f)) + E P (f) withB 2 (0,0,g) = 0. 

(3) For Sj := (81 j, ..., 5 mj ), 



O/xi/(0) = / or 1/^ + ^1=2 wii/i (/i, v) ^ (8j,8j) for all j, 

asM ) = x iM, (5.16) 

G liV (0) = Ofor\n + v\ = l . 

These a )iv (g) and G IJjl ,{x,g) are C m in all variables with G^ v {-,g) € 
C m (U, S fc (R 3 , C 2N )), for a small neighborhood U o/(0, 0, 0) m C n x (S_ fe n 
X c (po)) xR™° fifte space of the {z, f, g)), and they satisfy symmetries anal- 
ogous to (5.9). 

(4) We have a^{z, g) 6 C m (U, C) . 
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(5) G^-,z,q) eC m (U,£ fc (R 3 ,C 2W ))). 

(6) B d (-,z,f,g) £ C m (XJ,Z k (R 3 ,B((C 2N )® d ,R))), for 2 < d < 4. B 2 (-,g) 
satisfies the same property. 

(7) Let £ £ <C 2N . Then for B$(-, z, /, £, g) we have (the derivatives are not in 
the holomorphic sense) 

for \l\ < m , \\V z j'^^B 5 (z,f,C,e)\\j: k (M3,B((M 2N )»^,M) < Ci- 
(8) 

fi 2 eC m (u,C), 

(5.17) 
\R2{z,f,Q)\<C{\z\ + \\f\\^_ k )\\f\\l_ k ; 

Proof. We need to express R in terms of (z, f) using (5.3) inside (4.14). 
We have T1(R) = U(f) + K°' 2 (R). Then, succinctly, 

2N+1 , 

n^ m ,{u{R),R)= Y, ^(Kv b RK> 2 m >m.f),o)An - 2 (R)) a R m )+ 

a+b=2 

E / - — m — (^^^ m ^(f) + tn°' 2 (R),tR),(n^(R)rR^)dt, 

a+b •'° ' ' 

=2N+2 

with (k',m') the pair (k,m) of Lemma 4.4. We substitute (5.3), that is R = z ■ 
£ + z-£ + f. For to < ml — (2N + 2) and k < k' , the terms from the i? 6 ® of degree 
in / at most 1, go into R^ with i = — 1, 0, 1, 3 and H' 2 . For to < to' — (2N + 4), 
the remaining terms are absorbed in lZ k , m+2 (n(J), /) + R-2(z, f, LT(/)). 
We focus now on the d — 5 term in (4.14). We substitute R = z ■ £, +~z ■ £ + f. 
This schematically yields, for a B§ satisfying claim (7) with the pair (to', k'), 

5 r ~ 
V/ B 5 (x,z,f,f(x),Il(f))(z-S + z-0 5 - J f J (x)dx. (5.18) 

For j — 5 we get a term that can be absorbed in the B 5 term in R4. Expand 
the j < 5 terms in (5.18) as 



4-j 



v / i(^)| t=0 s 5 (x,z,/,t/(x),n(/))(z.c + z.e) 5 - j r +j (xKx+ 

a t 5 " j [S 5 (x, z, /, */(»), n(/))](» ■ e + z ■ lf~ i f{x)dx. 



?=0 

1 



(4-i)!Jo 

go into the -B^ term in R4 The last term fits in the B 5 term in R4 by to < to' — 5. 
The terms in the first line go into the B4 of R4 for d = i + j > 2 . The terms 
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with i + j < 2 can be treated like the 1l\? m ,(Jl{R), R) for m < ml - (2N + 5) 

and k < k' . 

We focus on E P (R) = E P (z ■ £ + 1 ■ £ + /). We use Lemma 4.2 for v = / and 

u = z • £ + "z • £. Then 

£7p(fl) = M/) + e p( z ■ Z + * ■ + 



JM3 ~~ J[o,i] 2 3- 



=0 d s [B(\s(z-( + J-0 + tf\i)]dtd S 



j- 

dx [ dtds [ d 5 T d s [B(\s(z ■ £ + z -g) + Tf\l)] y " '.' dr. 



[o,i] 2 Jo 



,(*Zl) 
3! 



By 5(0) = S'(0) = 0, we have £ P (z-£ + z-£) = K° A {R). It is easy to conclude 

that this term easily fits into Ro + R3. Similarly, the j = term fits in Ri +R3. 

The j > 1 terms fit in the -Bj+i term in R4. The last line fits in the -B5 term in 

R 4 . 

The symmetries (5.9) for the coefficients in i^+R-i+Ro+Ri arc an elementary 

consequence of the fact that H' is real valued. 

□ 
Remark 5.5. Given a Hamiltonian H' expanded as in Lemma 5.4 and given 
a transformation 5, we cannot obtain the expansion of Lemma 5.4 for H' o § 
analysing one by one the terms of the expansion of H'. This works in the set up 
of [6, 7] but not here (see in particular the discussion on the exponential under 
formula (6.31) later). 

6 Birkhoff normal forms 

In this section we arrive at the main result of the paper. 

6.1 Homological equations 

We consider a\j,l(g) G C m (U,C) for k a e N a fixed number and U a neighbor- 
hood of in W l ° . Then we set 

Hi l \g):= J2 ^^z^r + liJ-'n/J). (6.1) 

\n+v\=2 

e-(ju— v)= 

e j(e) : = afh(e)> e O) = (Me),--- ,\m(g))- (6.2) 



We assume e.,(0) = e^ and ajj(0) = if (fj,, v) ^ (Sj,Sj) for all j, with Sj 
defined in (5.16). 
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Definition 6.1. A function Z(z, /, g) is in normal form if Z = Zq + Z\ where 
Zq and Z\ are finite sums of the following type: 

Z x = Yl z^iJ^G^ig),/) (6.3) 

e(0)-(^-^)e<7 e (W P0 ) 

with G U!/ (x, g) G C m (U, S fe (M 3 , C 2N )) for fixed k, m G N and U C M™° a neigh- 
borhood of 0; 

^o= X! Me)*"**' ( 6 - 4 ) 

e(0)-(j*-i>)=0 

and gnv{o) G C m (U, C). We assume furthermore that the above coefficients 
satisfy the symmetries in (5.9): that is 7? = g vfJi and G M „ = G vpi . 

Lemma 6.2. We consider \ = x(°j -B) witft 

X (b,B)= J2 b^z v + J2 ^^(J-'B^J) (6.5) 

\/i+v\=M +l \n+v\=M 

for b^ v G C and B^ v G S^(M 3 , C 2N ) (lX c (p ) with k G N 7 satisfying the symme- 
tries in (5.9). Here we interpret the polynomial \ as a function with parameters 
b = {b^v) and B = (B^). Denote by X^ the space of the pairs (b,B). Let us 
also consider given polynomials with K = K(g) and K = K(g, b, B) where: 

K(g):= J2 k^(g)z^+ £ zT (J^K^q), /), (6.6) 

\fi+i/\=M + l \fi+v\=M 

with k^{g) G C ffi (t/,C) and K^g) G C ffi (C/, S £ (R 3 , C 2W ) n X c (p )) for U a 
neighborhood of in W 10 , satisfying the symmetries in (5.9); 

K(g,b,B):= ^ k^{g,b,B)z^ v 

\/j,+v\=M + l 
1 no _ (6-7) 

+EE E *'*?'(J- 1 0jKi lu ,MB)Jh 

i=0 j=l |,U+I/|=M 

mift k^ G C™(£/ x X S ,R) and K)^ G C ffi (t/ x X % , E^R 3 , C 27V ) n X c (po)), 
satisfying the symmetries in (5.9). Suppose also that the sums (6.6) and (6.7) do 
noi contain terms in normal form and that K(0, b, B) = 0. Then there exists a 
neighborhood V C U of in R™° and a unique choice of functions {b(g), B{g)) G 
C A (V, X £ ) such that for x(g) = x(b(g), B{g)), K{g) = K(g,b(g), B(g)) we have 

[x(Q), H¥\g)} St = K(g) + K(g) + Z(g) (6.8) 

where {■ ■ ■ } st is the bracket (5.6) for g fixed and where Z{g) is in normal form 
and homogeneous of degree Mq + 1 in (z, f). 
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Proof. Summing on repeated indexes, by (5.7) we get 

{H<f\ X } st = -ie( B ) ■ (/i - v)zn v b» v { Q ) 

- z^r(f, J- 1 {»i{Q) ■ (a* - i/) - U)B^(e)) + K(g, b(g),B(g)), 

K( e ,b,B):= Yl a( ^s)[ E {z^yr'yb^, 

\^+v\=2 \it'+v'\=M +l 

(nrfjUSjfy) v j (6.10) 

\ti'+i/'\=M 

K is a homogeneous polynomial of the same type of the above ones and we have 
K(0, b, B) = 0. In particular, K satisfies the symmetries (5.9) by (for / = /) 

(fl^r 1 ^,,/)!//,//})* = a%(J- 1 B v , li ,,f){z v z* i z v 'z> t '} 

which follow by (idzjFdgjG-idgjFdzjGy = id^F*^^* -id Sj F*d Zj G*, where 
in these formulas a* = a, and by the symmetries (5.9) for \ and for TJ^ 
Denote by Z(g, b, B) the sum of monomials in normal form of K and set K := 
K + K - Z. We look at 

- ie(g) ■ (p - v)zn v b» v - zT(f, J-HHQ) ■(»-")- H)B^) 

(6.11) 
+ K (q, 6, B) + K{g) = 



that is at 

■....( n~) 4- \c....(n. h. R\ - b....( n\\p.( n\ ■ (n. - u) = 

(6.12) 



k^(g) + kfiv(Q, b, B) - b^(g)ie(g) ■ (/j, - v) = 



B„ v {g) = -R n (ie(g) ■ (p - v)) [K^{g) + K^(g, b, B)] , 

with k M!/ and K M „ the coefficients of K. Notice that when k M ^(0, b, B) = and 
K M „(0, b, B) = 0, for g = there is a unique solution (b, B) g X^ given by 



MQ) 

\e ■ (p — v) 



WO) = . T V \ , B MV (0) = -i?«(ie • (/* - ^))^(0). (6.13) 



Lemma 6.2 is then a consequence of the Implicit Function Theorem by Hypoth- 
esis (L7) in Sect. 5. □ 
In the particular case Mq = 1 we need a slight variation of Lemma 6.2. 

Lemma 6.3. Suppose now Mq = 1 and assume the notation of Lemma 6.2, 
assuming K(0) = 0, K '(0,0,0) = and V b , B K (0, 0,0) = 0. We furthermore 
consider function atff e C ffi (£7 x X^,C) with \atf/(g,b,B)\ < C\\(b, B)\\ x% 
and we set 
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{x(Q)M t) (e)} H = {x(Q)M ei (Q)}' t 

+ E a^'(Q,b(e),B(e))z^r(nB^ v/ ( e ),f}. ( 6 - 14 ) 

|m+H=i 
Ia»'+"'I=i 

Then, the same conclusions of Lemma 6.2 hold for 

{x(Q),H?\Q)} 8t = K(g) + K(q) + Z(g). (6.15) 

Proof. Like above we get to 
&,«,(£) + k^(e, 6, S) - & M „ie(g) • (/i - i/) = 
B^ = -i?w(ie(g) • (// - i/))[^(ff) + K M „( e , b,B)+J2 atf (q, b, B)HB„, U ,}. 

For (g,b,B) = (0,0,0) both sides are 0. Then Lemma 6.3 follows by Implicit 
Function Theorem. □ 

6.2 The Birkhoff normal forms 

Our goal in this section is to prove the following result where N is as of (L4) in 
Sect. 5. 

Theorem 6.4. For any integer 2 < £ < 2N + 1 we have transformations 
gw = $i o (f> 2 o ... o (j>i t with ^l the transformation in Corollary 3.12 the <j>j 's 
like in Lemma 5.3, such that the conclusions of Lemma 5.4 hold, that is such 
that we have the following expansion 

4 

h& := k o $(/) = v>(n(/)) + #f + nl> 2 m+2 (W), /) + E fl f> 

wii/i iJj o/ i/ie /orm (5.15) and with the following additional properties: 

(i) R { !{ = 0; 

all the no 

A • (n - v) = 0; 



(uj aZ^ f/ie nonzero terms in R Q with \fi + v\ < £ are in normal form, that is 



(Hi) all the nonzero terms in R\ with \fj, + i/\ < £— 1 are in normal form, that 
is A- (fi- v) € <T e (H Po ). 

Proof. The proof of Theorem 6.4 is by induction. There are two distinct parts 
in the proof, [7, 6, 2]. Here we follow the ordering of [2]. In the first part we 
assume that for some £ > 2 the statement of the theorem is true, and we show 
that it continues to be true for £ + 1. The proof of case 1 = 2, which presents 
some additional complications, is dealt in the second part. 
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In the proof we will get polynomials (5.8) with Mq = 1, ..., 2N with decreas- 
ing (r, M) as Mo increases. Nonetheless, in view of the fact that in Lemma 3.7 
the n is arbitrarily large and that (r, M) decreases by a fixed amount at each 
step, these (r, M) are arbitrarily large. This is exploited in Theorem 6.5 later. 

The step £ + 1 > 2. We can assume that H^' have the desired properties for 
indexes (k' , to') (instead of (k, to)) arbitrarily large. We consider the representa- 
tion (5.14) for H^> and we set h = H^\z, /, g) replacing II(/) with g in (5.14). 
Then h = H^(z, /, g) is C 2N+2 near in V s " = {(g, R)} for m! > 2N + 2 for 
so > max{ord('Hp ), 3/2} by Lemma 5.4. So we have equalities 

<V(0) = -^j^h| (ai/ie)=( o, , c ) - |M + H < 2N + 1, (6.16) 

J^G^q) = -^i^^V/h| ( ,, /iC)=(0 ,o, 8 ) , |ju + H < 2N. (6.17) 

We consider now a yet unknown % as in (5.8) with Mq = £, i = 0, M = m' and 
r = fc'. Set <j) := 1 , where ^* is the flow of Lemma 5.3. We are seeking x such 
that ffW o </> satisfies the conclusions of Theorem 6.4 for I + 1. 
We know that ff^ o </> satisfies the conclusions of Lemma 5.4. Therefore, to 
prove the induction step, all we need to do is to check that the expansion of 
i?W o <f> satisfies R_i = and that the only terms in Ro and Ri of degree 
< £ + I are in normal form. We have 



H?'o 



(6.19) 



0) ~4> = HP+ I {H^, x } st o^dt+ f (^a M ^^{n j (/), X })o^di. 
Jo Jo 

(6.18) 

By (6.9)-(6.10) we have for g = 11(f) 

{Hi e \ X } st = -i J2 ^(g)-^-u)z^b^(g) 

\ti+u\=e+i 

- J2 z^r(J- 1 (ie^(g)-(i^-u)-n)B llu (g),f)+ 
\n+v\=t 

E a M E {zwyr'ybMe) 

Im+"I= 2 \ii'+v>\=e+i 

+ E {^VVKJ^iWeU}]- 

\n'+v'\=e 

By Lemma 5.3 for Mq = £, i — 0, M — ml and r — k' for first and last formula 
and by the proof of Lemma 3.8, in particular by (3.35), we have 

z o <? = z + <;f m , (t, 11(f), R) , n(/) o tf = n(/) + iz^+l, (t, 11(f), R) , 

/ o 4? = e ^» (t ' n(/) ' fl) ' <> (/ + S# m/ (t, II(/), R)) (6.20) 
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for k" < k' - (to' + l)d. Then, substituting (6.20) in (6.19) we get, if k < k' 1 
ord(Hp ), where ord("Hp ) < max{ord(2?), d}, for 1 < to < to' and exploiting 



that an 7£ fe ' m is also an lZ k ' J~ for £ > 2, 



/ W\ x} st o tfdt = {Hi e \ X yt + <l +2 (n(/), R). (6.21) 

Jo 

We have 

"0 

{n,(/), x } = ^{n j (/),n fe (/)}9 nfc(/)X + ]T ^V'^MO,/,^}. 
/c=i i^'+y'i=^ 

We have, for Pd(po) = 1 — Pc(po) the projection on the direct sum of N g (H Pa ) 
and the complement of X c (po) in (5.1), and using JP*(po) — P c (po)J which 
follows from (2.15), 



{luif^ujif)} = (p c *(po)Oi/, jp:{p )§if) 

= (Oif,P d (Po)JO j f) = 'R ' 2 (f). 



(6-22) 

0,2/ CN v ' 



Notice also that, for B^ e S^/ independent of II(/) and for |/z + v\ = £, we 
have 

{IU(f),z'^{J- 1 B liv ,f)} = z»r(P:( P o)0if,B^) = 

z^(f,0 t B^) - «'V(P d *(p )0i/,B MI/ ) = K't+l^R) +K°> e+1 (R). 

By (6.22)-(6.23) we conclude that {II^/),*} = ^^m'W/)-^)- % ( 6 - 20 ) 
we get for to < to' 

{n, (/), X } o 0* = <;i+ 1 im , (n(/) + t^* 1 , (*, n(/), * ) . s 

for S := e ^'" + >W)'*)-0 (i? + S^ ml (t, H(/), P) 

Then 

{n,(/),x}o^ = <^, d)ro ,(i,n(/),P). (6.24) 

By (6.20) and (6.24) the last term in (6.18) is ^^ 2 (n(.f), P) for fc < fc"-m'd. 
This and (6.21) yield for k = min{fc' - (2to' + ljd, k' - (to' + l)d - ord("H Po )} 

H { 2 1) o cf, = H® + {H { 2 £ \ X } st + TZ°y+ 2 m.f), R)- (6.25) 

A second observation is that h = (H& o 4>)(z, f, g) is (7 2N+2 in P s ° = {(g, R)} 
for m > 2N + 2. We can compute again the corresponding coefficients in (6.16)- 
(6.17). Because of (5.12), for |/i + v\ < I in (6.16) and for \\i + v\ < I — 1 in 
(6.17) these coefficients are the same of h = H^ e '(z, /, g). 
A third observation is that for j = 3, 4 we have for k = IV- ' o <fr 

a^k| (0 , , e) = ofor| M | + |H<^ + i 

c^V/k| (0 ,o, e ) = for \n\ + \v\ < I 
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By Lemma 3.10 for I = m, s = k and r = k' , we have for k < k' — (2m + l)d 

n,(/) o = nj(f) o O + <^ +1 (n(/), i?), (6.27) 

with 0o = 0o and O the flow defined as in Lemma 3.10 using the field X^. 
Then we have 

n ? (/)o0 o = lW)+ f (OjiX^filUfrRotbJotDdt. (6.28) 

Jo 

By the definition of X?} and by formulas (6.20) for O , which are simpler because 
there are no phase factors, by \/j, + v\ = £ the integrand in (6.28) is 

x (o^,„(n(/)), / + S°;f m (t, 11(f), R)) 
= zoriOiB^VHf)),/) + K°tf m {t, 11(f), R). 
Then for k < k" we have 

n,(/) o 0o = IW) + (§j(X*) f , f) + fcjg(n(/), R). (6.29) 

By £ > 2 we have 2£ > £ + 2 and so ft?'!" is an R /^ 2 . 

** K, yfTh A. j Tit 

By iJj(q) = 0(|g| 2 ) near 0, we conclude that 

V(n(/)) o = v(n(/)) + #' + Rlf+ 2 (u(f), r), (6.30) 

with K' a polynomial as in (6.7) with Mq = £, with K'(0, b,B) — and (fc, m) = 
(fc', m!) satisfying. Notice that it was to get the last equality, which follows from 
(6.29), that we introduced the flow O . 
We now focus on R 2 . We have by (6.20) 

R 2 o0 = (B 2 (n(/')),(/') 2 >= ( 6 - 31 ) 

<B 2 (n ( /) + < ro +1 (n ( /),i?^ 

In our present set up the exponential e *",m' cannot be moved to the B 2 
by a change of variables in the integral as in [6] . Fortunately we know already 
that H^ o has the expansion of Lemma 5.4 and that all we need to do is to 
compute some derivatives of R 2 o 0. 
Using the expansion in (6.31) and formula (5.13), for i = now, we set 



m 2 := (B 2 (n(/)),(/ + s^, m ,(n(/), J R)) 2 ) 



B 2 (n(/)), 



•1 -|2\ 

/+ / (X?) f oct>*dt + Si$%}(IL(f),R) 



(6.32) 



(B 2 (n(./)),/ 2 ) + 2 / 1 (B 2 (n(/)),(^*) / o0* f)dt + n^ l m ,(iv(f),R). 

Jo 
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We have that k = R2 o^-SH 2 is C l+1 and satisfies (6.26). Hence the analysis 
of R 2 o 4> reduces to that of $H 2 . By (6.20), for k < k" , m < m! - 1 and i > 1 
we have 

/ X$ o ^dt = X* + S° fe ',?t'-i(n(/), R) = X* + S°/+\li(f),R). (6.33) 
Jo 

This implies 

m 2 = <B 2 (n(.f )), f) + £" + < £ m +2 (n(.f ), i?) , 



^":=2(B 2 (n(/)),/(^*) / 



(6.34) 

1 ,. ■• 



Then K" is a polynomial like in (6.7) for the pair (fc,m) = (k',m') satisfying 
K"(0, b, B) = by B 2 (g) = for e = 0. 

By (6.20) and for the pullback of the term lZ k ', m , +2 (II(/), /) in Lemma 5.4 we 
have for g = H(f) 






for k <k" — md and m < m', by elementary analysis of the second line. 
Applying again (6.20) we have 

(6.36) 



= nb 2 ^o (0, f + s°j tm ,(Q, R)) + kI% 2 (q, R) 



"fe',m'+2 



for k < k" — md and m < ml — 1. Next, by Lemma 5.3, (5.13) and by (6.33), 
we have S°;f m ,(e,i?) = [X$) s + Sty^faR) and 



K' 2 



-L' + 2 (9, f + {x?h + sft^, i?)) = ft#U 2 (0, /)+ 

V^; 2 m , +2 ( e , / + t(X?) f + ts<tf%{ e , R)) , (X$) f + s°J%{q, R))dt 
= ^^ +2 (e. /) + (V/^; 2 m , +2 (e, /), (x$)t) + nl^io, R) 

where we have used £ > 2, k < k" < k' and m < m' — 1. Notice that we have 
that ^^ m , +2 (e, /) is an U]^ m+2 {Q, /)■ Finally we have 

(V/^ 2 m , +2 ^/),(^) / )=X'" + R 2 , 
F":=<V^^ m , +2 (ff,0)/,(^ t ) / >, 

with R 2 a term we can absorb in R 2 and with K 1 " like in (6.7) for the pair 
(k,m) = (k',m') satisfying K"'(0,b,B) = 0. 
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We set 

R^ } + R^ = Z 1 + K + Roi , (6.38) 

where: Z' is the sum of the monomials in normal form of degree < £ + 1; K, 
which is like in (6.6), is the sum of the the monomials of degree equal to £ + 1 
not in normal form; Roi is the sum of the monomials of degree > I + 1. By 
induction there are no monomials not in normal form of degree < £ so that each 
of the monomials of the lhs of (6.38) go into exactly one of the three terms of 
the rhs. 
We define Z" and K by setting 

K' + K" + K'" = Z" + K, (6.39) 

collecting in Z" all monomials of the lhs in normal form (all of degree £ + 1) 
and in K all monomials of the lhs not in normal form. Here K is like in (6.7) 
for (k, fh) = (k', m') with K(0, b, B) = 0. 

Applying Lemma 6.2 for (k,fh) — (k',m') we can choose \ such that for Z = 
Z' + Z" we have 

{H { i\ X } st + Z + K + K = {). (6.40) 

Then H ( i+1 ~> := ijW o <ft satisfies the conclusions of Theorem 6.4 for t + 1. 

The step £ + 1 = 2. Set H^ = K o $ 1 . We are seeking a transformation 
(f) as in the previous part such that H^ := H^> o <ft has term R_-[ = in its 
expansion in Lemma 5.4. The argument is similar to the previous one, but this 
time x has degree £+ 1 with £ = 1. So the steps in the previous argument where 
we exploited £ > 2 need to be reframed. We know that H^> satisfies Lemma 
5.4 for L = 1 for some pair that we denote by (k' , m') rather than (fc, m). 
The proof of (6.21) is different from the previous one. By (3.40) we have for 
some (k,m) appropriately smaller than (k',m') 

{H^KxY* o ^ = {H?\ x\ st o 0$ + <;t(n(/), R). (6.41) 

The following linear transformation 



i^V(II(/))& +w j *2-(J- 1 B lu ,(fl(f)),F) 

(Z - Z F) -+ 1 -i^VW))4F -i^.^<j-^(ii(/)),F) 

B^(n(/))Z"z" 

depends linearly on (b(g),B(p)), for g> = n(/). Then 

zj + aj (t, 6, £) • z + bj(t, b,B)-lz + J2 c m"(t, b > B){.r 1 B l , l ,, f) 

(6.42) 



Zj o 
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for aj ,bj G C°°([0,1] x X k ,,C n ) with |oj-| + |6j| < C||(&,B)|| Xfe , and c^ e 
C°°([0,1] x! t .,C). Similarly 

/ o 4>l = f + a (*, 6, B) • * + b(t, 6, B) ■ z + E c„„(t, 6, B^J^B^, /) 

(6.43) 
with a,b e C°°([0,1] x Jffc,,Eg>) with ||a|| E - + ||b|| E - < C\\(b,B)\\x k , and 
c^ v G C°°([0,1] x Xfc/,Sfc/). These coefficients satisfy appropriate symmetries 
that ensure / o 0g = / o </>q . 
We have 

{B«, X } s ' o 0* = {FW X } s *(n(/), B o $) + 7^; 4 m (t, H(/), B). (6.44) 

To compute {B 2 (1) , x} s *(n(/), Ro<j) ) we replace the B in (6.19) with Bo<#,. The 
coordinates of the latter can be expressed in terms of R by (6.42)-(6.43). When 
we substitute (z, f) in (6.19) using (6.42)— (6.43), by an elementary computation 
we obtain 

{B«, x r*(^Bo^ ) = {B«,xr*(^B) 

+ E ^\t, e ,b{e),B{e))z^{nB, v {g)j) + A t + n i . 

|(U.+I/| = 1 

|ju'+i/'| = 1 

Here: 

. a$? (t, g, b, B) e C ro ' with a^' (*, 0, 0, 0) = 0; 

• we have 

A'= J2 a^(t,g,b(g),B(g))z^ 

1 »o 
+ EE E ^"(O l J A^(t,g,b(g),B(g)),f), 

1=0 j=l \/i+v\ = l 

a^ v (t, g, b, B) and A 1 (t, g, b, B) are C m with for i = 2 

|a^(t,e,6,B)| + ||4„(t, ft 6,B)||i: fc/ < C||(6,B)||^, ; (6.45) 

• B*(£,2,/) is C m in (t,g,z,f) e M™ 0+1 x C n x S_ fe with (e,z,.f) near 
(0,0,0), with for i = 2 

IR'l^qi&BJI&JI/lll.,. (6.46) 

Then, in the notation of Lemma 6.3 

/ {Hi 1 \x} st ocj>ldt = {Hi 1 \xy t + A + R + lll' i m (n(R),R), (6.47) 

Jo 
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with A = J* A 1 dt and R = J* R'di are like A 1 and R 1 . Then, using also (6.41), 
we get the following analogue of (6.25): 

H™ o 4> = ff« + {F«, X } sl + A + R + <; 4 m (n(/), i?). (6.48) 

(6.27) remains true also for £ = 1. We consider (6.28) and expand 

(<> j (X?) f (n(f),Rort)Jo ( t>l) = (< >j (X?) f (n(f),R)J} + A t + R t , 

with A* and R* like the previous ones but such that (6.45)— (6.46) hold for i = 1. 
This yields 

n,(/) o O = n,(/) + A' + R. (6.49) 

Here R' is like R 1 such that (6.46) holds for i = 1. A' is like A 1 such that (6.45) 

holds for i = 1. 

By VKfiO = 0(H 2 ) near and (6.27) we get the first equality in 

V(n(/)) o ^ = v(n(/)) o O + ^; 3 m (n(/), i?) ^ 

= V(n(/)) + ^' + ^ m ,(n(/),/) + ^; 3 m (n(/), J R), 

where K' = TZl; 2 m ,(U(f), R) is a polynomial in R as in (6.7) with K'(0, b, B) = 
0. The second line in (6.50) follows by ip(g) = 0(\g\ 2 ), by the fact that 
i/j(q) is smooth and by (6.49). Notice that by choosing m < m! — 2 we have 

^ m '.(n(/),/) = ^; 2 m + 2 (n(/),/). 

The discussion of R o is similar to the previous one after (6.31) . This time, 
though, by (3.40) we write 

/ X? o <f>*dt = [ X$o c&dt + S°< 3 m (n(/), R). (6.51) 

Jo Jo 

By (6.42)-(6.43) we get 



(6.52) 



f X^o ( /, t dt = X^ + AmV k ', 
Jo 

with (z, /) — > A(g, z, /) linear, with C m dependence in g and with 

\\A(g,zJ)\\ vk , < C\\{b{g),B(g))\\ Xk ,{\z\ + \\fh_ k ,). (6.53) 

This yields, for 9i 2 dehncd as in (6.32), 



m 2 = B 2 (n(/)), 



1 



/+ / (X^fofadt 

o 



2\ 



n , t{n{f),R) = 



(B 2 (n(/)), f) + 2<B 2 (IT(/)), /A) + (B 2 (n(/)), A 2 ) + ^; 3 „(n(/), R), 

where we have used B 2 (0) = for the reminder. 
We have 

2(B 2 (n(/)), /A) + <B 2 (n(/)), A 2 ) = K" + R", 



4!) 



with R" like R and with K" like (6.7) with K"(0, b, B) = 0, by B 2 (0) = 0, and 
with (k, fh) — (k',m'). Summing up, we have 

K 2 = (B 2 (n(f)),f) + K" + R" + Tll' 3 m (Il(f),R). (6.54) 

Notice that the reduction of R2 o <p to 9\ 2 continues to hold also for I = 1. 
We consider lZ k , m , +2 ° 4> horn the lZ k ', m , +2 term in the expansion of R in 
Lemma 5.4. Then, by (6.35) and by (6.51)-(6.52), for g = II(/) we have 

^ m , +2 (n( /'), /') = Kl; 2 m , +2 (g, f + (x^) f + A + s° fe ; 3 J + K A m (g, R). 

The first term in the rhs can be expanded for g = 11(f) as 

K' 2 m '+2^ f + iK)f + a ) + <Ue> R y 

We have for g = U(f) 

<> 2 m > + 2(^ f + (K)f + A ) = **(e)V + (X$) f + A) 2 + ll k >* m (g, R), 

with <8 2 (o) a C m ' function with values in B 2 (£_ fc /, £ fc ,) with <B 2 (0) = 0. Con- 
sidering the binomial expansion we get for g = Ii(f) 

^ 2 ro ' +2 ( n ( A /') = *2{e)f + K>" + R" + K° k 3 m (g, R), 

with R"' like R and with K'" like (6.7) with K"'(0,b,B) = and (fc,m) = 

(fc',m'). 

We now set K = Ri-[ and with the ^4 of (6.47) we write 

K' + K" + K'" + A = Z" + K, (6.55) 

where in Z" we collect the null terms of the lhs and in K the other terms. Now 
we have K(0) = 0, tf (0,0,0) = and V b . B K{0,0, 0) = 0. By Lemma 6.3 for 
(k, fh) = (k' , m!) we can choose \ such that for we have 

{H { 2 e \xV t + Z" + K + K = 0. (6.56) 

Then H ^ := H^ o f> satisfies the conclusions of Theorem 6.4 for 1 = 2. 

D 
Summing up, we have proved the following result, whose proof we sketch 
now. 

Theorem 6.5. For fixed po G O and for sufficiently large I G N, there are a 
fixed k 6 N, an e > 0, ftn 1 < s' < I and a 1 < i; C fc' suc/l i/iai /or solutions 
U(t) to (2.3) wiift n(C/) = pa with \TL(R(t))\ + \\R(t)\\-E_ k < e and R(t) e S; ; 
i/iere exists a C° map $> : U l e k —>■ U^, k , such that 

R := ® R {IL{R),R) = e Mn(R),R)-0(R + S(IL(R), R)), (6.57) 
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with SeC 2 : (K2)xB P0 x% t ,E s ,) 

„ (6.58) 

geC 2 ((-2,2)xB r „xB s _ t ,l"») 

smc/i t/ioi ||jS'(II(i?), i?)||s , < C , e||-R|js_ fc and such that splitting R(t) in spectral 
coordinates (z(t), f(t)) the latter satisfy 

z,=yc\ 3 H, f = JV f H (6.59) 

where H is a given function satisfying the properties of H^ 2N+l > in Theorem 
6.1 

Proof. Since in Lemma 3.7 we can pick arbitrary n, we see by the proof of 
Theorem 6.4 that we can suppose that the 2N+1 transformations 4>t are defined 
by flows (3.18) with pair (r,M) with r and M as large as needed. 
Starting with an appropriate U^ g K0 , we know that there is a map $ : U^ K , — > 
Wi „ as regular as needed which satisfies the conclusions of Theorem 6.4. In 

particular here we have s' 3> s and 1 <C k' <C Kq and in U* , we get the system 

(6.59) by pulling back the system which exists in UL K ■ 

We choose now I ^> s', 1 <C k <C n' and sufficiently small e and 6 with U\ k C 

W* „ and Z^i t dlAl „/ . Here I and «' can be as large as we want, thanks to 
our freedom to choose (r, M). 

By choosing 5 small we can assume U\ k C ${U^ ,). This follows from (3.26) 
which implies 3 r_1 (W| fe ) C W; fc . Finally we set $ = ^J _1 where J -1 '■ U\ k -^ 

Formula (6.57) and the information on S has been proved in the course of the 
proof of Lemma 4.1. The information on the phase function q can be proved by 
a similar induction argument, which we skip here. 

□ 
Remark 6.6. The paper [2] highlights in the Introduction and states in Theorem 
2.2, that it is able to treat all solutions of the NLS near ground states in H 1 . 
But in fact, in [2] there is no explicit proof of this. While [2] does not state the 
regularity properties of the maps in Theorem 3.21 and Theorem 5.2 [2], from 
the context they appear to be just continuous. Even if we assume that they 
are almost smooth transformations (but see Remark 2.10 above), nonetheless 
an explanation is required on why they preserve the structure needed to make 
sense of the NLS. But while pullbacks of the Hamiltonian are analyzed, the 
pullbacks of differential forms and the making sense of them, are not discussed 
in [2]. For example, there is no explicit discussion on why 5'**f2t makes sense in 
formula (3.42) [2], i.e. (3.42) here. 

Remark 6.7. In the 2nd version of [2] there is an incorrect effective Hamiltonian. 
If we use the correct definition of the symbols S JJ which we give above, the 
functions $ M „ used in the normal form expansion in [2] are in W- 7 for some large 
j, rather than in rij>oW J '. In pp. 25-27 in the 2nd version of [2], the W J 's are 
defined using the classical pair of operators L±, see [13], and are closed subspaces 
of iJ J_1 (R 3 ) of finite codimension. This last fact seems to be unnoticed in [2] 
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and leads to the breakdown of the proof in the 2nd version of [2] , as we explain 
below. The space W 2 , for example, is defined by first considering (L + u,u) for 
u £ kcr^i- nker L L+ C L 2 . Notice that (L+u,u) > 0, see Prop. 2.7 [13] or 
Lemma 11.12 [10]. Proceeding like in Lemma 11.13 [10] it can be shown that for 
u € kcr^ L_ n kcr^ L + C L 2 with li^Owe have ||u||| := (L + u, u) > 0. Then 
consider the completion of ker L_ n kcr L + n Cq° by the norm ||u||l. This 
completion is exactly ker L_nkcr L + nH 1 (R 3 ). Then W 2 is a closed subspacc 
of finite codimension of the latter space. Specifically, W 2 is in the continuous 
spectrum part in the spectral decomposition of the operator L_L + , which is 
selfadjoint for (u,v)l '■= (LZ u,v) in ker L_. Notice that, under hypotheses 
analogous to (L1)-(L6) in Sect. 5, L-L + has finitely many eigenvalues and its 
cigcnfunctions are Schwartz functions. Likewise, also the other W's are closed 
subspaces of i/ J ' _1 (R 3 ) of finite codimension. Later in the 2nd version of [2], at 
p. 41, the Strichartz estimates hinge on the false inclusion of W- 7 , or of W°°, in 
Ls (R 3 , C). Additional mistakes appear in the justification of the Fermi Golden 
rule. While formulas R£ (/?)$ in (St.2)-(St.3) on p. 38 of the 2nd version make 
sense because $ <G H k ' 8 for s > appropriate, analogous formulas Rg(p)<& 
in (6.50) and elsewhere in Sect. 6.2, are undefined when we know only that 
$ £ yy°° . In fact even R_ A (p)& is undefined for p > for such $'s. So in 
particular, in the 2nd version of [2], the discussion of the Fermi Golden rule is 
purely formal. 

The above ones are not simple oversights. Rather, they stem from the fact 
that, in the 2nd version of [2], the homological equations are solved only in these 
W's, while it is unclear if they can be solved in spaces with spacial weights like 
the H k ' n or the S n for n > 0, as we remarked in an early version of [6]. The 
3rd version of [2] credits our remark for having stimulated changes in this part 
of the paper. These changes are classified in the 3rd version of [2] as plain 
simplifications. This might leave the wrong impression that the proof in the 
2nd version of [2], although more complicated than in the 3rd version, is still 
correct. 



7 The NLS and the Nonlinear Dirac Equation 

We give a sketchy discussion of few examples. 

The Nonlinear Schrodinger equation. We consider the equation 

iU t = -AU + 2B'(\U\ 2 )U . 

Here N = 1, T> = —A, | |i = | |, J = I J . There are four invariants: 

Q(U) = n 4 (U) = hu, U) and Uj(U) = -{U, Jt^—U) for j < 3. 



2 n . / jy , 2 \ > ft 
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For fixed d e M 3 we have 

Q(e-? Jv - x U) = Q(U) , n 3 (e-? Jv - x U) = Hj(U) - yQ(tf) for j < 3 and 

3 2 

E{erV™U) = E(U) -^vjIljiU) + V -Q{U). 

3 = 1 

There is well established theory guaranteeing under appropriate hypotheses ex- 
istence of open sets OC1+ and (<p u ,0) e C"°°(e>,S(IR 3 ,M 2 )) such that 

A<p u - w<f> u + 2B\<ft,)<f> u = forareR 3 . 

More precisely it is possible to prove exponential decay to of <j> w {x) as x — >• oo. 
For ugR 3 arbitrary we get $ p (x) — e~ * Jv ' x (<j) u (x),0) where pi = ILt^^) an d 
Pj = —7}VjP4 for j < 3. We have X^ip) = —lu — ^- and Xj(p) = —Vj for j < 3. 
Notice that for -£Q(<j>uj) ^ this yields (2.7). Notice that 



2 T?( c — i Jv-XTT\ „ — hJv-x I vt2 rp/TT\ 7-1. V7 I \ n\J v ' x 



V 2 E{e~2 JV - x U) = e -i jv - x V A E(U) -Jv-V x 



e< 



4 
and that v ■ V x o e"^-* = e -|^-* (v • V x - J^) and 

V 2 S(a> p (a;)) - A(p) • - e-5- 7 "- (v 2 £((0 w ,O)) - Jw • V, + ^) e^* 

2 

+ Jv ■ V x e-^ Jv - x e^ Jv ' x + (lj + — ) e -h Jv - x e \ Jv ' x . 

4 

They imply 

H p = e-* Jv - x H u e* Jv - x , U^ := J(\7 2 E((^,0)) + u). (7.1) 

The multiplier operator e~^ Jv ' x is an isomorphism in all spaces S„ so all the 
information on the spectrum of T~i v is obtained from the spectrum of % u . We 
have H u = Hou + V where H 0co := J{— A + w) and 

_ /-B'(#)-2B"(0£ 

V - 4J I -#(# 

This yields <j e ^H-u) = cr(-ffow) = ( — oo, — w] U [w,oo) and that o p {'H u ,) is finite 
with finite multiplicities. The fact that <j p (Wu) is in the complement of cr e ('H UJ ) 
is expected to be true generically. Set H = H u P c (oj) for P c (ui) the projection 
on X C {U U ). 

Lemma 7.1. The statement in (A5) is true. 
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Proof. Notice that E n is invariant by Fourier transform so that (2.4) is equiv- 
alent to the fact that for the following multiplier operator (that is an operator 
ip(x) which maps u — > (ipu)(x) :— ip(x)u(x)) we have 

||(l + e 2 + e 2 |.T| 2 )- 2 || B(Sri!Eri) <C n <ooV |e| < 1 and n 6 N. (7.2) 

Similarly (2.5) is equivalent to 

strong- lim(l + e 2 + e 2 |a;| 2 )" 2 = 1 in £(£„,£„) (7.3) 

lim ||(1 + e 2 + e 2 |.x| 2 ) -2 - 1||b(e„.s„,) = for any n'eN with n' < n. 

Both (7.2)-(7.3) are elementary to check using the first definition of £„ in Sect. 2, 
computing commutators of the multiplier operators with d" and computing 
elementary bounds on the derivatives of the multipliers. □ 

Lemma 7.2. The statement in (A6) is true. 

Proof. Using the Fourier transformation like in Lemma 7.1, (A6) is equivalent 
to the statement that for any n £ N and c > there a C s.t. the following 
multiplier operator satisfies 

l| e (i+^ 2 M 2 r 2 ^-5:?=i^)|| B(s?i iEb) < c 

for any \t\ < c and any |e| < 1. This too is elementary to check. 
Lemma 7.3. The statement in (L7) is true. 

Proof. From a{H) = a e (H u ) we have R H £ C u {p{U),B{L 2 ,L 2 )). 
We have R Uoul and Ru 0uj d X] are in C w (p(^),S(E„,E n )) for any n £ N. By 
conjugation by Fourier transform this is equivalent to the statement that for 
z £ p(T-Lq Ll1 ) and i — 0, 1, we have 

*\ -dtf+LU + z)- 1 ) e^^n.^nj. 

This is elementary, using the first definition of E n in Sect. 2. 
We have for i = 0, 1 

Ru{z)dl j = R nou (z)P c (u)di. - R no „(z)VR n (z)di.. (7.4) 

From (7.4) we derive, for || || = || \\b(l 2 ,l 2 )- 

11^(^)4,11 < Ul + RnoAzWr'WWRHo^PcWd^l (7.5) 

which yields the n — case. 
From (7.4) we derive 

II^(*)^Hb(E b ,S„) < C||^o.W^b(E n ,E n ) 

+ C||iJ Wow («)|| B ( EB ,E B )||<a;> n y|k»,oo||i2 w (^|| B(fl «, H » ) . 
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The last factor is bounded. Indeed for v = R-u(z)dl,.u we have 

dy - R H (z)d:dlM + R n (z)[V,dZ}di.u 

and induction in n yields the desired bounds ||v||fl-n < C||u||jjn. □ 

The Nonlinear Dirac Equation. Here the unknown U is C 4 -valucd, u* 
its complex conjugate and for m > 

\U t - D m U -Vu + 2B'(U ■ J3U*)PU = (7.6) 

where we assume for the moment V — and where D, m = — iY] ■_ 1 ctjd Xj +mfi, 
with for j = 1, 2, 3 

"A R-(^ ° 



o, o ; ' ^ v o -% 



on /o i\ A o 



" : = 'i oj ' a2 = l,-i o) ^ v° - 1 

Notice that the symmetry group (7.6) is not Abelian. In [4] there is a symmetry 
restriction on the solutions considered, by looking only at functions such that 
for any x G M 3 we have U(—x) = j3U(x) and U(—Xi, —X2, X3) = S^U{xi,X2 1 x^) 

with S3 := „ ) . We need to redefine the spaces £„ in the proof, intro- 

ducing these symmetries. This does not affect the proof. 

There is a unique invariant Q(U) — ^ ||t* || z. 2 - I n this case OiU — U for any u. 

Hence all the changes of variables are diffeomorphism within each space V K (or 

V K ). 

(A5)-(A6) in this case are elementary. In fact (A5) is unnecessary, (A6) is 

necessary only for e = 0, in which case is trivial. (L7) is necessary only for i = 

(given that the only <0j is the identity) and can be proved in a way similar to 

Lemma 7.3. 

Nonlinear Dirac Equation with a Potential. Pick V G «S(M 3 ,B(C 4 )) 
with V(x) selfadjoint for the scalar product in C 4 for any x £ K 3 . Then 
generically a v (D m + V) C (—m,m). Suppose a p (D m + V) = {eo,...,e n } with 
eo < ... < e n . Then bifurcation yields corresponding families of small stand- 
ing waves e^ lu}t (p L j(x) of (7.6). For generic V the ej have multiplicity 1. If we 
focus on eo, for generic smooth B'(r) there will be a smooth family u> — > 4>u> 
in C°°(0, Ti n ) for any n, with O an open interval one of whose endpoints is 
e\. Then it can be shown that for generic V the hypotheses (L1)-(L6) in Sect. 
are true, as well as all the previous hypotheses. Indeed in this case, taking u 
sufficiently close to eo, we have eigenvalues with e'- arbitrarily close to ej — eo. 
Generically this yields (L4)-(L5). The multiplicity of the ie' is 1. We have 
CT e (%w) = (—00, — m+ \u>\] U [m— \lo\, 00). An eigenvalue A ofHu is either A = 0, 
or A = ±ie'- for some j. This in particular yields (L1)-(L3). 



r>r> 
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